arXiv:math.AT/0002172 21 Feb 2000

AN INDEX OF AN EQUIVARIANT VECTOR FIELD AND ADDITION THEOREMS FOR PONTRJAGIN CHARACTERISTIC CLASSES

V. M. Buchstaber, K. E. Feldman

11.II.2000

Abstract.

The theory of indices of Morse–Bott vector fields on a manifold is constructed and the famous localization problem for the transfer map is solved on its base in the present paper. As a consequence, we obtained addition theorems for the universal Pontrjagin characteristic classes in cobordisms. These results gave us a possibility to complete the construction, which was begun more than twenty years ago, of the universal characteristic classes’ theory.

References: 20 items.

§ 1. Introduction

The transfer map construction for fibre bundles [2], [3] is one of the most fundamental notion in current algebraic topology. This construction makes it possible to vitally develop and extend applications of the direct image method connected with such notions as the direct image for representations, a trace of an algebraic extension, the transfer map for vector bundles over covering, the Gysin map etc. (see [1]–[6], [10]–[12], [17]).

The theory of indices of Morse–Bott vector fields on a manifold is constructed and the famous localization problem for the transfer map is solved on its base in the present paper. This result is remote generalization of the classical Poincare–Hopf theorem expressing the Euler characteristic of a manifold as the sum of zero indices of a regular tangent vector field.

As a consequence, we obtained the formulae expressing the universal (that is, with its values in cobordism theories) Pontrjagin characteristic classes of the sum of two vector bundles in terms of summands’ characteristic classes (the addition theorems). These results gave us a possibility to complete the construction, which

The research was supported by RFBR, Ref. No. 99-01-00090. To appear in Izv. Rus. Akad. Nauk, 2000, V. 64, N 3.

Typeset by AMS-TEX 1

was begun more than twenty years ago [6], of the universal characteristic classes’ theory.

The contents of the article is as follows. In § 2 we recall the transfer map construction for fibre bundles and the related definitions of the fiber bundle index. In § 3 we introduce the index Ind_s(F_l) of a Morse–Bott vector field s on a smooth manifold F in a neighborhood of its zero submanifold F_l. This index takes its values in the cohomotopy group π^0_S (F^+_l ). We give an example of the Morse–Bott vector field on the projective plane. In a neighborhood of the projective line the index of this field equals to −1+u, where u is the generator of the group π^S_1 = Z_2. We prove important Theorem 3.1 of the transfer map localization for a smooth manifold (as a fibre bundle over a point) using the Morse–Bott vector field on the manifold. As a consequence, we obtain an expression for the Euler characteristic χ(F ) in terms of the Euler characteristic χ(F_l) and indices Ind_s(F_l) for the Morse–Bott vector field s with the collection of the connected zero submanifolds {F_l} (Theorem 3.2). In § 4 we prove in general case the localization theorem for the transfer map of an arbitrary fiber bundle with a smooth fiber. We demonstrate that the known results [5], [11] in this direction can be reduced to special cases of the theorem.

The rest part of the work is devoted to the applications of the results obtained to the theory of Pontrjagin characteristic classes of real vector bundles. In § 5 we construct an important Morse–Bott vector field over grassmannization of the Whitney sum of two real vector bundles. We describe connected components of the zero submanifolds and calculate the indices of this field in their neighborhoods.

In § 6 we obtain one of the central results of the article: the addition theorem for the universal Pontrjagin classes of real vector bundles. In details we investigate the case of the first half–integer class p_{1/2}. We claim that on the image of the map

p_{1/2} : KO^∗(X) → U^2(X)

there is a new algebraic operation that cannot be reduced to any formal group. Call attention to the fact that in our short paper [9] we made an inaccuracy in the formula for p_{1/2}(ξ ⊕ ζ) in complex cobordisms, which we correct in the present work.

In the last section we investigate Pontrjagin characteristic classes of stable complex vector bundles. We prove that if a real vector bundle admits a stable complex structure, its half–integer Pontrjagin classes are equal to zero while its integer Pontrjagin classes have a realization in symplectic cobordisms.

The authors express their deep gratitude to Dr. I. A. Dynnikov for helpful discussions and valuable suggestions during this work was being executed.

§ 2. The Index of a Smooth Fibering

In this section we shall give definitions of the main notions connected with the transfer map of Becker–Gottlieb [3].

Let us consider two topological spaces X and Y with marked points and the set of homotopic classes [X, Y ] of all maps from X to Y , sending a marked point to another marked one. We denote by {X, Y } the group of stable homotopic classes of maps {X, Y } = lim_{n→∞}[S^n ∧ X, S^n ∧ Y ]. Definition 2.1. A zero–dimensional cohomotopy group of a space X with a marked point is the group

π^0_S (X) = {X, S^0} = lim_{n→∞}[S^n ∧ X, S^n].

Let X^+ denote a disjoint union of the space X and a point, which we shall assume to be a marked point. If the marked point in the space X is already given, the space S^n ∧ X^+ is homotopy–equivalent to S^nX ∨ S^n, and therefore,

π^0_S (X^+) = π^0_S (X) ⊕ Z.

We shall denote by ϵ the canonical projection π^0_S (X^+) → Z. If the space X is the sphere S^k, Ker(ϵ) ∼= π^S_k

where π^S_k is the k-th stable homotopy group of spheres.

Every fibering (E, F, B, p) with the smooth compact closed fiber F defines the canonical element in the group {B^+, E^+}. Existence of this element is provided by the transfer map of Becker and Gottleib [3]. Let us give the construction of this element in case of a smooth fibering E with the compact base (for arbitrary cell bases see the definition in [8]).

The space of the fibering E can be embedded into R^n for suitable n. Let i denote this embedding. We consider the space τ_F (E) of tangents along the fiber of the bundle E and the normal bundle ν(E) of the inclusion p × i : E ⊂ B × R^n. It is easy to check that τ_F (E) ⊕ ν(E) is a trivial n-dimensional vector bundle over E [3]. Let T (ξ) denote the Thom space of an arbitrary vector bundle ξ.

Definition 2.2. The transfer map of a smooth fiber bundle (E, F, B, p) is the composition of the maps τ (p) : S^n ∧ B^+ → T ν(E) → T ( ν(E) ⊕ τ_F (E) ) = T [n̄]

where the first map is the Pontrjagin–Thom map representing the glueing of the tubular neighborhood’s exterior of the submanifold E in the manifold B ×R^n, while the second map is the inclusion of the fiber bundle ν(E) on the direct summand.

Notice that the Thom space of the trivial n-dimensional vector bundle over B is the n-fold suspension over B^+. Therefore, the transfer map defines a certain element of the group [S^n ∧ B^+, S^n ∧ E^+]. The image of this element in the group {B^+, E^+} is independent of a choice of the embedding [3]. Thus, the transfer map correctly defines an element, which we shall denote by { τ (p) } , of the group {B^+, E^+}.

For any cohomology theory h^∗(·) a stable map from X to Y uniquely defines groups’ homomorphism h^∗(Y ) → h^∗(X). We shall denote by τ (p)^∗ the corresponding homomorphism for the transfer map of the fibering (E, F, B, p). Let π represent the projection on the first summand π : S^n ∧ E^+ → S^n.

Definition 2.3. An index I(E) of the fiber bundle p : E → B is an element { π ∘ τ (p) } ∈ π^0_S (B^+). An index of this fiber bundle in the cohomology theory h^∗(·) is the element I_h(E) = τ (p)^∗(1) ∈ h^0(B^+) (we consider the subgroup h^0 in the group h^∗ as a ring with unit). Thus, I(E) is the fiber bundle’s index in the stable cohomotopy theory π^∗_S (·).

Notice that for any cohomology theory h^∗(·) with unit there is a canonical transformation of cohomology theories (see [19])

μ_h : π^∗_S (·) → h^∗(·)

which transforms the unit of the theory π^∗_S (·) into the unit of the theory h^∗(·). In the theory h^∗(·) the index of the fiber bundle p : E → B is equal to μ_h ( I(E) ) . The indices of the fiber bundles are already non–trivial in the simplest case for the fiberings over a point. In that case π^0_S (B^+) ∼= Z, and the index of the fibering is equal to the Euler characteristic of the fiber [3].

§ 3. Localization

The index of the tangent vector field on the smooth manifold in a neighborhood of a nondegenerate zero is the fundamental characteristic of the zero considered [14]. This index is defined as determinant’s sign of the linear part of the vector field in a small neighborhood of the zero [14]. In this section we claim that in a neighborhood of the degenerate zero the differential of the field gives an important characteristic of this zero. In terms of the characteristics introduced one can express the coefficients, for which the transfer map of the smooth manifold can be represented by the transfer maps’ linear combination of the zero submanifolds of the vector field on the initial manifold.

Before proving the main theorem we shall give an example that will help one to understand the transfer map localization property. Let us begin with necessary notation.

Each element of the group π^0_S (B^+) can be determined by a continuous map as S^n ∧ B^+ → S^n for n large enough. Let us denote by π the projection on the first factor in the space S^n ∧ B^+. The representative γ of an element of the group π^0_S (B^+) defines a map f_γ : B → Map(S^n, S^n)

by the formula f_γ (b)(y) = γ(y, b). The inverse is also true. Any continuous map f : B → Map(S^n, S^n) defines a certain element of π^0_S (B^+) by the formula γ_f = { π ( f(b)(y), b )} . Let us identify S^n with R^n ∪ {∞} and define the action GL(n, R) on S^n by this identification. Even in case of f(b) ∈ GL(n, R) for any b ∈ B the correspondent element of the cohomotopy group can take nonzero value after the projection onto Ker(ϵ).

Example 3.1. Let B = S^1 and ξ_1 denote the nontrivial one–dimensional real vector bundle over S^1. We have ξ_1 ⊕ ξ_1 is the trivial two-dimensional real vector bundle. Let us consider the map

S^2 ∧ S^{1+} = T (ξ_1 ⊕ ξ_1)^{(1,−1)}−→ T (ξ_1 ⊕ ξ_1) = S^2 ∧ S^{1+ π}−→ S^2. (3.1)

Since S^2∧S^{1+} ∼ S^3∨S^2, the map constructed above defines two maps α_1 : S^3 → S^2 and α_2 : S^2 → S^2. It is easy to check that α_2 is the reflection relatively to the central plane. Let us show that α_1 defines a generator of the group π_3(S^2). Identify S^2 and C^1 ∪ {∞} setting the infinite point to be a marked one. We consider the preimage of the zero under the map α_1. It is the zero section in the bundle ξ_1 ⊕ ξ_1, that is, the circle. The whole preimage C^1 ⊂ S^2 under the map α_1 is the space of the vector bundle ξ_1 ⊕ξ_1. The splitting of the trivial two-dimensional real vector bundle over S^1 in the direct sum ξ_1 ⊕ ξ_1 defines the chosen basis in each fiber of the bundle ⟨ e_1(ϕ), e_2(ϕ) ⟩ = ⟨e^{iϕ/2}, ie^{iϕ/2}⟩ where ϕ ∈ [0, 2π] is the angular coordinate on the zero section (that is, on S^1). For any point {ϕ, x + iy} from S^1 × C^1 ⊂ S^3 its image under the map α_1 is

α_1 ( {ϕ, x + iy} ) = { (x − iy)e^{iϕ} } ∈ C^1. In coordinates (z_1, z_2) ∈ C^1 × C^1 , |z_1| = 1, the map α_1 can be expressed by the formula α_1(z_1, z_2) = z̄_2z_1,

which shows that the map α_1 is homotopic to the projection in the Hopf bundle.

Therefore, the element of the group π^0_S (S^{1+}) corresponding to the map (3.1) is −1 + u, where u is the generator of the group π^S_1 ∼= Z_2.

Now we formulate the localization property, which at first will be proved for smooth manifolds, that is, in case of fiber bundles over a point.

We shall use the notion of a tangent vector field of the Morse–Bott type (see [16]); Morse vector fields are the special case of such fields.

Definition 3.1. A tangent vector field on a smooth manifold F is called a Morse– Bott field in case of the two following conditions are satisfied:

1) the zero set of the vector field forms a finite set of connected compact closed submanifolds in F ;

2) the kernel of the Jacobian matrix of the vector field at the points of the zero submanifold coincides with the tangent space of the zero submanifold.

Let us consider the connected component F_l of the zero set of the Morse–Bott vector field. Let ν_l be the normal bundle of the embedding F_l ⊂ F . The bundle space ν_l can be identified with the tubular neighborhood of the submanifold F_l in F using the exponential map [14]. The restriction of the Morse–Bott vector field on the tubular neighborhood defines the vector field on the space ν_l. Owing to the condition 2) the last vector field must have everywhere non-zero projection on the bundle of tangents along the fibers of the bundle ν_l in a small enough neighborhood of the zero section. Thus, without loss of generality, it can be assumed that the vector field constructed on the space ν_l is tangent along the fibers of the bundle ν_l everywhere. Let us denote by s_l this vector field

s_l : ν_l → τ̂(ν_l)

where τ̂(ν_l) is a bundle of tangents along the fibers. Let p be the projection in the bundle ν_l, then τ̂ (ν_l) ∼= p^∗ν_l (see, for example, [13]). Thus, the vector field s_l allows us to construct the map ψ^s_l : ν_l → ν_l by the rule ψ^s_l (v) = p̂s(v) where p̂ is the bundle map p̂: p^∗ν_l → ν_l.

Let us consider a smooth compact closed manifold F and an arbitrary Morse– Bott vector field s on F . Let F_1, . . . , F_m be the whole collection of connected compact closed zero submanifolds of the vector field s on F . Let us fix the embedding of the manifold F in the n-dimensional Euclidean space: F_1, . . . , F_m ⊂ F ⊂ R^n. Using the vector field s we correspond the map

j_l : S^n ∧ F^+_l → S^n ∧ F^+_l

to each submanifold F_l as follows. The embedding of the smooth manifolds F_l ⊂ F ⊂ R^n induces the splitting of the trivial n-dimensional vector bundle over F_l into the direct sum of the tangent bundle τ_l of F_l, the normal bundle ν_l of the embedding F_l ⊂ F , and the restriction on F_l of the normal bundle ν of the embedding F ⊂ R^n. The field s determines the map ϕ^s_l : ν_l → ν_l. Let us define the map j_l on the subbundles ν and τ_l by identical, nd that on ν_l by ϕ^s_l .

By the above, let π be the projection S^n ∧ F^+_l → S^n on the first factor.

Definition 3.2. An element {π ∘ j_l} ∈ π^0_S (F^+_l ) will be called an index Ind_s(F_l) of the vector field s in a neighborhood of the zero submanifold F_l.

Remark 3.1. An index of the isolated zero of the vector field coincides with ϵ ( Ind_s(pt) ) and is equal to the ordinary index of the isolated zero [14].

Example 3.2. Using Example 3.1 we claim that an index Ind_s(F_l) ∈ π^0_S (F^+_l ) can have non–zero component in Ker(ϵ).

Let us define an action of the positive real numbers group R_+ on RP^2 by the formula t ∘ (x_1 : x_2 : x_3) = (x_1 : x_2 : t^{−1}x_3).

The differential of this action determines the tangent vector field s on RP^2 if t = 1. All fixed points of the action are zeros of s, that is,

RP^1 = { (x_1 : x_2 : 0) } ⊂ RP^2, and the point (0 : 0 : 1) ∈ RP^2. The normal bundle of the embedding RP^1 ⊂ RP^2 can be identified with the nontrivial one-dimensional real vector bundle ξ_1 over S^1. In a neighborhood RP^1 = S^1 ⊂ RP^2 the vector field s is determined by the formula s(v) = −v, v ∈ ξ_1 ≈ N(S^1) ⊂ RP^2. Owing to Example 3.1 an index Ind_s(RP^1) is equal to −1 + u, where u is the generator of the group π^S_1 ∼= Z_2.

Let the map τ_l be the transfer for the manifold F_l. Let us denote by i the Thom space embedding of the trivial n-dimensional vector bundle over F_1 ∪ · · · ∪ F_m in the Thom space of the trivial n-dimensional vector bundle over F that corresponds to the embedding F_1 ∪ · · · ∪ F_m ⊂ F. Theorem 3.1 ( the localization property). The transfer map τ for the manifold F is homotopic to the composition i ∘ (j_1 ∘ τ_1 ∨ · · · ∨ j_m ∘ τ_m) ∘ g where g is the map sending the sphere S^n into the union of m spheres.

Proof. The embedding of the Thom space α : T ν(F ) → T ( ν(F ) ⊕ τ (F ) ) from the definition of the transfer map can be changed for a homotopic one using the tangent field. In fact, let us consider a one–parametric family of maps α_t(v) = α(v) ⊕ ts ( π(v) ) , v ∈ ν(F ), where π is the projection in the bundle ν(F ). Choosing a large enough parameter t we shall get the map, homotopic to α, sending small neighborhoods’ exteriors of the zeros of the field s at the marked point of the space T ( ν(F ) ⊕ τ (F ) ) . This means the map τ can be passed through the map g and the union of maps sending S^n to T ν(F_l), l = 1, . . . , m. To describe properties of the map τ in a neighborhood of the zeros of the field s it will be conveniet to change the map α on a homotopic one using the canonical identification of tubular neighborhoods of the submanifolds F_l and normal bundles of embeddings F_l ⊂ F , l = 1, . . . , m.

We denote by exp_l the exponential map that defines a diffeomorphism of unitdisk bundle associated with the normal bundle ν_l of the embedding F_l ⊂ F and the tubular neighborhood N(F_l) ⊂ F of the submanifold F_l in F , l = 1, . . . , m. We define two functions λ_l, μ_l : D^{kl} → R^{kl} for each l = 1, . . . , m, where D^s denotes the unit disk of dimension s, k_l = codim F_l, setting

λ_l(v) = { |v|, |v| ⩽^1_2 , 1 − |v|, |v| >^1_2 and μ_l(v) = { 0, |v| ⩽^1_2 , 2|v| − 1, |v| >^1_2 . Let us consider the map α̃ : F → τ (F ), α̃(x) = { α(x), x /∈ N(F_l), { exp ( μ_l ( exp^{−1}_l (x) ) exp^{−1}_l (x) ) , λ_l ( exp^{−1}_l (x) ) exp^{−1}_l (x) } , x ∈ N(F_l), l = 1, . . . , m. Since λ_l is homotopic to the zero map and μ_l ( exp^{−1}_l (x) ) exp^{−1}_l (x) is homotopic to the map exp^{−1}(x), the map α̃ is homotopic to the embedding on the zero section F → τ (F ). We remark that ν(F ) | |_{N(Fl)} ∼= ψ_l(1)^∗ν(F ) | |_{Fl} where ψ_l(t) is the retraction of the normal t-tube N_t(F_l) on F_l. Consequently, the map α is homotopic to the map β(v) = { v, π(v) /∈ N(F_l), ψ_l (| πα ( π(v) )|)_∗ (v), π(v) ∈ N(F_l), l = 1, . . . , m. Thus, the map constructed is the result of a small embedding perturbation T ν(F ) → T ( ν(F ) ⊕ τ (F ) ) under which the tubular neighborhoods’ fibers of the submanifolds F_l transfer into the fibers of the normal bundles of the embeddings F_l ⊂ F corresponding them under the exponential map.

Let us construct the map

τ (t) = ( β(v) ⊕ tα̃_∗ ( s ( π(v) ))) where v ∈ T ν(F ), t ∈ [0; ∞), and we turn t to ∞. We obtain the map τ (∞) that sends at infinity the points of the bundle ν(F ) lying in the fibers over exterior of the tubular neighborhoods of the submanifolds F_l.

The fiber of the tubular neighborhood of the submanifold F_l in F under τ (∞) maps onto the fiber of the subbundle ν_l (see above). One can neglect the first summand in the sum β(v) ⊕ tα̃_∗ ( s ( π(v) )) for large t. Thus, the restriction of the map τ (∞) to the fiber of the tubular neighborhood of the submanifold F_l in F coincides with the map ϕ^s_l (see above). To complete the proof we have to remark that the image of the map τ (∞) coincides with the image of the map i.

Remark 3.2. The conditions imposed on the vector fields in the formulation of the localization property can be weakened. It is enough to require the vector field to be homotopic to the Morse–Bott vector field in the class of the vector fields with the fixed zero set.

Remark 3.3. It is easy to check that if the vector field s is homotopic to the outward normal field on the boundary of the tubular neighborhood of the zero submanifold F_l, the map j_l corresponding to that submanifold is homotopic to the identical map [8]. In particular, this situation always holds in case of the vector field defined by a circle action on the manifold [2].

Remark 3.4. Immediately from the proof of Theorem 3.1 it follows that if the tangent vector field on the manifold has no zeros, the transfer map for this manifold is homotopic to the map into the point.

The localization property and Remark 3.1 allow to immediately obtain the following generalization of Poincare–Hopf Theorem (compare [20]).

Theorem 3.2. Let F denote a smooth compact closed manifold. Let the Morse– Bott vector filed s be given on F . Assume that zeros of the vector field s form a finite collection of connected compact closed submanifolds F_1, . . . , F_m of the manifold F . Then

χ(F ) = m∑ l=1 ϵ ( Ind_s(F_l) ) · χ(F_l) where χ(F ) is the Euler characteristic of the manifold F .

Proof. We shall use the notation of Theorem 3.1. At first we shall consider an arbitrary tangent vector field on F with isolated nondegenerated zeros. Let us apply the localization property to this field. We obtain I(F ) = {π ∘ τ } = N∑ k=1 {π ∘ j_k} = N∑ k=1 ϵ ( Ind_s(z_k) )

where z_k are zeros of the vector field, k = 1, . . . , N. Owing to Remark 3.1 this means that I(F ) = χ(F ) is the Euler characteristic of the manifold F .

Applying the localization property to the vector field s we obtain χ(F ) = I(F ) = {π ∘ τ } = m∑ l=1 {π ∘ j_l ∘ τ_l} = m∑ l=1 τ (p_l)^∗{π ∘ j_l}

= m∑ l=1 ϵ ( Ind_s(F_l) ) · I(F_l) = m∑ l=1 ϵ ( Ind_s(F_l) ) · χ(F_l).

§ 4. Equivariant Vector Fields and the Transfer Map of Becker–Gottlieb

In this section we shall generalize the localization property for the transfer map to the case of an arbitrary fiber bundles with smooth fiber. The known results [5], [11] are the particular cases of our investigation. In this connection we show the way to obtain these results in terms of the vector field index introduced above.

We consider smooth principal G-bundle (E, G, B, p) whose base space is a compact connected manifold, and G is a compact Lie group. Let F denote a compact closed connected manifold equipped with a smooth G-action. We assume that there is a tangent Morse–Bott vector field s, that is invariant under G-action, on F . Zeros of the vector field s represent themselves the union of irreducible invariant submanifolds of the manifold F . Let us denote them by F_1, . . . , F_m. Because of irreducibility the following manifolds are connected

E_l = E ×_G F_l.

Every invariant under G-action tangent Morse–Bott vector field s on F allows us to construct a vector field on E = E ×_G F , that is tangent along the fibers of the bundle E. We denote it also by s. We have

s : E → τ_F (E) = E ×_G τ (F ).

More over the vector field s on E is also a Morse–Bott field. Zeros of the field s on E represent themselves subbundles E_l = E ×_G F_l, l = 1, . . . , m, of the bundle E. Let us fix an embedding of the bundle E in R^n. Exactly as it was in the previous section the vector field s defines the maps

j_l : S^n ∧ E^+_l → S^n ∧ E^+_l .

Let τ (p_l) denote the transfer map for the bundle E_l. Let ĝ be the map sending S^n ∧ B^+ into the union of m spaces S^n ∧ B^+ which is induced by the map g : S^n → ⋁ m S^n. Theorem 4.1. The transfer map τ (p) for the bundle E is homotopic to the composition of the maps τ (p) ∼ i ∘ ( j_1 ∘ τ (p_1) ∨ · · · ∨ j_l ∘ τ (p_l) ) ∘ ĝ where i is an embedding of the Thom space of the trivial n-dimensional vector bundle over E_1 ∪ · · · ∪ E_m into the Thom space of the trivial n-dimensional vector bundle over E.

Proof. Since the vector field s is invariant respectively to the action of the group G on F , all the homotopies described in the proof of Theorem 3.1 are equivariant accordingly to the action of the structural group on the fiber. Thus, the equivariant analog of Theorem 3.1 holds. As a matter of fact this analog is the formulation of Theorem 4.1.

Remark 4.1. The conditions on the base space of the bundle E can be weakened. We may only require the base to be a cell complex. In this case it is enough to carry on the proof for the fiber of the bundle and then use its equivariantness respectively to the action of the structural group of the bundle. Let us note that homotopy equivalence for an infinite cell complex is understood as equivalence of the map’s stable classes.

Let h^∗(·) be a multiplicative cohomology theory with unit. We denote by ( Ind_s(E_l) ) h the image of Ind_s(E_l) under the canonical transformation of cogomology theories μ_h : π^∗_S → h^∗.

Theorem 4.2. Under the conditions described above the following formula holds

τ (p)^∗a = m∑ i=1 τ (p_l)^∗ (( Ind_s(E_l) ) h · i^∗_l a )

where a ∈ h^∗(E^+) and i_l : E_l ⊂ E is an embedding of the bundles, l = 1, . . . , m.

Proof. Let us notice that the maps j_l, as elements from the group of stableequivalent maps from E_l into itself, uniquely determine the gomomorphism j^∗_l of the cogomology groups of the corresponding spaces. Directly from the definition of multiplication in multiplicative cohomology theories it follows that the gomomorphism j^∗_l is multiplication on ( Ind_s(E_l) ) h. Thus, the statement of Theorem 4.2 follows from Theorem 4.1.

Theorem 4.2 allows us to obtain the result of [5] in the following form.

Corollary 4.1. For gomomorphisms in the singular cogomology theory the following equality holds

τ (p)^∗ = m∑ l=1 ϵ ( Ind_s(E_l) ) τ (p_l)^∗i^∗

where i : E_l ⊂ E, l = 1, . . . , m, are embeddings of zero subbundles of the field s.

To obtain the result of [11] from Theorem 4.2 we shall start with discussion of necessary definitions.

Let us consider the principle G-bundle (E, G, B, p), where G is the compact Lie group. Let G act on a smooth closed compact manifold F .

Definition 4.1. We shall say that orbits of points x_1, x_2 ∈ F belong to the same type if their stabilizers N(x_1), N(x_2) are conjugated. The orbit type of the point x_1 is less then that of the point x_2 if N(x_2) is conjugated to a subgroup in the group N(x_1).

The union of the points belonging to the orbits of the same type γ forms a smooth submanifold F_γ in F whose boundary belongs to the orbit of a smaller type. Let us consider the factor space Y = F/G. The closure of the set Y_γ = F_γ /G ⊂ Y is a smooth manifold with angles and its boundary lies in ⋃ γ^′<γ Yγ^′ [18].

Theorem 4.3 [18]. There is a simplicial subdivision of space Y , for which the interior of each simplex lies in Int(Y_γ) for some γ.

Let us show how one can prove Theorem 5.14 from [11] using Theorem 4.1.

Theorem 4.4. Under the conditions described above in an arbitrary cogomology theory for a gomomorphism induced by the transfer map of the bundle E ×_G F , the following formula holds

τ (p)^∗ = ∑ σ⊂Y (−1)^{dim σ}τ (p_σ)^∗

where τ (p_σ) is the transfer map E ×_G ( G/N(x_σ ) ) , x_σ is an arbitrary preimage of a simplex σ ⊂ Y barycenter in the simplicial subdivision constructed in Theorem 4.3.

Proof. Let us construct the canonical tangent Morse–Bott vector field on the manifold F . To accomplish this at first we shall construct a Morse vector field on each n-dimensional skeleton sk^nY in the simplicial subdivision of the space Y . The construction will be held by induction on skeleton’s dimension. Assume that zeroes of the field s are all simplex vertices of the simplicial subdivision. Define the vector field s on sk^1Y to be repelling from sk^0Y and attracting to the barycenter of onedimensional simplexes. Assume that we have constructed the vector field on sk^nY . Extend it to the field on sk^{n+1}Y supposing barycenters of (n + 1)-dimensional simplexes to be attracting zeroes of the field s. This completes both the induction step and the construction of the field. Thus, we have constructed the Morse vector field on each skeleton sk^nY , whose zeroes are all the barycenters of the simplexes. A zero index in the barycenter of a n-dimensional simplex is equal to (−1)^n. The map g : F → F/G = Y induces the trivial bundle g : g^{−1} ( Int(σ) ) → Int(σ) for any simplex σ ⊂ Y . Fix a Riemannian metric, invariant relatively to G, on the manifold F . The canonical splitting of the tangent bundle τ ( g^{−1} ( Int(σ) )) = g^∗τ ( Int(σ) ) ⊕ Ker g_∗

allows one to lift the vector field s on the manifold g^{−1} ( Int(σ) ) . This lifting will be compatible for different simplexes since ∂g^{−1}(σ) = g^{−1}(∂σ). Let us denote by ŝ the lifting of the field s on the whole F . The vector field ŝ is the Morse–Bott vector field on F that is invariant respectively to the action of the group G on F . Submanifolds G/N(x_σ ) are zeroes of the vector field ŝ. We have

E ×_G g^{−1}(σ) ∼= ( E ×_G G/N(x_σ ) ) × σ. This means the normal bundle of an embedding ( E ×_G G/N(x_σ ) ) ⊂ E ×_G F is a trivial vector bundle. Thus, Ind_ŝ ( G/N(x_σ ) ) = (−1)^n, where n is the dimension of the simplex σ. Hence, the statement of the theorem follows.

Example 4.1 (compare [10]). Let us consider a fiber bundle of the Klein bottle KL over the circle S^1 with fiber S^1 p : KL^{S1}−→ S^1. The index I(p) of the bundle constructed is equal to the generator of the group

Z_2 ∼= π^S_1 ⊂ π^0_S (S^{1+}).

Proof. Let ξ_1 be a nontrivial one-dimensional real vector bundle over S^1. Then the bundle p : KL → S^1 is isomorphic to the bundle p : RP (ξ_1 ⊕ 1) → S^1. The structural group of this bundle acts on the fiber S^1 by reflections respectively to the line fixed. The fixed points of the action correspond to two subbundles RP (ξ_1) and RP (1) in the bundle RP (ξ_1 ⊕ 1). The normal bundles of embeddings RP (ξ_1), RP (1) ⊂ RP (ξ_1 ⊕ 1) are isomorphic to the bundle ξ_1 ⊗ 1 ∼= ξ_1. Let us construct the vector field on S^1 that is invariant respectively to the action of the structural group of the bundle RP (ξ_1 ⊕ 1). The fixed points of the action are zeroes of this vector field. The field is repelling from one zero and attracting to another one. Besides, the vector field is symmetric relatively to the line passing through the fixed points of the action. This field defines the fiber Morse–Bott vector field s on RP (ξ_1 ⊕ 1). Zeroes of this vector field are the subbundles RP (ξ_1) and RP (1), whose bundle spaces are the sections of the bundle RP (ξ_1 ⊕ 1), that is, S^1. The localization property (Theorem 4.1) applied to the vector field s gives

I(p) = Ind_s ( RP (ξ_1) ) + Ind_s ( RP (1) ) . The repelling zero of the field s has the index that is equal to 1. The attracting zero has the index as in Example 3.2, that is, −1 + u, where u is the generator of the group π^S_1 . Thus, I(p) = u.

§ 5. Morse–Bott Vector Fields on Grassmannizations of Splittable Vector Bundles

In this section we shall construct the fiber Morse–Bott vector field on grassmannization of the splittable vector bundle and shall explicitly calculate its indices. Properties of this vector field play a significant role while proving addition formulae for Pontrjagin characteristic classes.

Below we shall denote by RG^n_k the Grassmannian manifold of k-dimensional subspaces of a n-dimensional real vector space. Consider a n-dimensional real vector bundle η over a base B. We denote by RG^n_k (η) the bundle associated to η with fiber RG^n_k .

Let ξ, ζ be real vector bundles of dimensions n_1, n_2, respectively, over B, (n_1 + n_2 = n). Let us define the action of the positive real group R_+ on ξ × ζ by the formula t∘(v, u) = (v, tu). This action is canonically extended on grassmannization RG^n_k (ξ × ζ). We define the vector field s by s(z) = d dt | | | |_{t=1}t ∘ z where z ∈ RG^n_k (ξ × ζ). Let us show that this is a Morse–Bott vector field. It is enough to check that on the typical fiber RG^n_k (R^{n1} ×R^{n2}) of the bundle RG^n_k (ξ ×ζ) this field is a Morse-Bott field.

Zeroes of restriction of the vector field s on RG^n_k (R^{n1} ×R^{n2}) are fixed points of the action R_+ on this fiber, that is, the union of submanifolds RG^{n1}_{k1} (R^{n1})×RG^{n2}_{k2} (R^{n2}), k_1 + k_2 = k (see [7]).

In a neighborhood of a point z_0 ∈ RG^{n1}_{k1} (R^{n1}) × RG^{n2}_{k2} (R^{n2}) ⊂ RG^n_k (R^{n1} × R^{n2}) one can introduce the coordinate system A(z) = π^⊥_z ∘ π^{−1}_z where A(z) is a matrix of dimension (n − k) × k; π_z is the orthogonal projection of the plane z onto the plane z_0; π^⊥_z is the orthogonal projection of the plane z on the orthogonal complement to z_0 (the neighborhood of the point z_0 consists of all points z for which π_z is isomorphizm). Since the plane z_0 is the direct sum of two planes x_0 ∈ RG^{n1}_{k1} (R^{n1}) and y_0 ∈ RG^{n2}_{k2} (R^{n2}), the matrix A(z) is canonically divided into the blocks A(z) = ( D_1 D_2 D_3 D_4 )

where D_1 is a matrix of dimension (n_1 − k_1) × k_1, D_2 has dimension (n_1 − k_1) × k_2, D_3 has dimension (n_2 − k_2) × k_1, D_4 has dimension (n_2 − k_2) × k_2. The points of the submanifold RG^{n1}_{k1} (R^{n1}) × RG^{n2}_{k2} (R^{n2}) in this neighborhood are extracted by the equations D_2 = D_3 = 0, and the tubular neighborhood fiber’s points of the same submanifold over the point z_0 are extracted by the equations D_1 = D_4 = 0. In this neighborhood of the point z_0 the group R_+ acts by the following way t ∘ ( D_1 D_2 D_3 D_4 ) = ( D_1 D_2/t tD_3 D_4 ) . (5.1)

Hence, the vector field constructed is a Morse–Bott vector field. Let us describe behavior of the vector field s on the whole space RG^n_k (ξ × ζ).

Let E be the principal O(n)-bundle associated with the vector bundle ξ × ζ over B. Zeroes of the field s are subbundles RG^{n1}_{k1} (ξ) × RG^{n2}_{k2} (ζ), k_1 + k_2 = k. The bundle of tangents along the fibers of the bundle RG^n_k (ξ × ζ) is the vector bundle E ×_{O(n)} τ (RG^n_k ). Let ν(RG^{n1}_{k1} ×RG^{n2}_{k2} ) be the normal bundle of the embedding RG^{n1}_{k1} ×RG^{n2}_{k2} ⊂ RG^n_k . It is isomorphic to the direct sum of the vector bundles ξ_{n1−k1} ⊗ξ_{k2} and ξ_{k1} ⊗ξ_{n2−k2} , where we denote by ξ_k the k-dimensional tautological vector bundle over RG^n_k ; ξ_{n−k} is the (n − k)-dimensional vector bundle over RG^{n2}_{k2} that is complementary to ξ (remark that the bundle ξ_{n−k} is isomorphic to the (n − k)-dimensional tautological vector bundle over RG^n_{−k}). Thus, the normal bundle of the embedding RG^{n1}_{k1} (ξ) × RG^{n2}_{k2} (ζ) ⊂ RG^n_k (ξ × ζ) is the bundle ν = E ×_{O(n)} ν(RG^{n1}_{k1} × RG^{n2}_{k2} ), and ν ∼= π^∗_1 ξ(k_1) ⊗ π^∗_2 ζ(n_2 − k_2) ⊕ π^∗_1 ξ(n_1 − k_1) ⊗ π^∗_2 ζ(k_2)

where we denote by ξ(k) the k-dimensional tautological vector bundle over RG^n_k (ξ) (respectively, ξ(n − k) is the (n − k)-dimensional tautological vector bundle over RG^n_{−k}(ξ) ∼= RG^n_k (ξ)); π_1, π_2 are the projections on the first and the second factors in the product RG^{n1}_{k1} (ξ) × RG^{n2}_{k2} (ζ).

Lemma 5.1. The vector field s associates the map (see § 3) ψ^s_{k1 k2} : ν → ν to the subbundle RG^{n1}_{k1} (ξ) × RG^{n2}_{k2} (ζ) by the formula ϕ^s_{k1k2} (u, v) = (u, −v) where u ∈ π^∗_1 ξ(k_1) ⊗ π^∗_2 ζ(n_2 − k_2), v ∈ π^∗_1 ξ(n_1 − k_1) ⊗ π^∗_2 ζ(k_2).

Proof. It is enough to verify this statement on each fiber of the bundle RG^{n1}_{k1} (ξ) × RG^{n2}_{k2} (ζ). Owing to (5.1) on each fiber of this bundle restriction of ϕ^s_{k1k2} on the fiber is the symmetry respectively to the subbundle ξ_{k1} ⊗ ξ_{n2−k2} . Hence, the lemma’s statement follows.

In the previous notation we have the following statments.

Corollary 5.1. In the case k_2 = 0 the index of the vector field s on the subbundle of zeroes RG^n_k (ξ) × B is equal to 1.

The proof is obvious.

Corollary 5.2. The square of the index Ind_s ( RG^{n1}_{k1} (ξ) × RG^{n2}_{k2} (ζ) ) of the vector field s zero is equal to 1 for any k_1 and k_2 whenever k_1 + k_2 = k.

Proof. Let us remark that (ψ^s_{k1 k2} )^2 = id for all k_1 and k_2 such that k_1 + k_2 = k. Thus, the statement of the corollary follows from the definition of the multiplication in the ring π^0_S (·) as a composition of the maps.

Corollary 5.3. The following equality holds ϵ ( Ind_s ( RG^{n1}_{k1} (ξ) × RG^{n2}_{k2} (ζ) )) = (−1)^{(n1−k1)k2} .

The proof is obvious.

In the end of this section we shall calculate the index of the zero of the vector field s in the case when the corresponding map ψ^s is symmetry respectively to a certain subbundle. As a corollary we shall get an explicit expression for zero indices of the vector field s constructed in this section.

In [6] the cobordism theory CO^∗(·) constructed using manifolds, whose stable tangent bundle is endowed with a fixed structure of complexification of the real vector bundle, was considered. Any bundle of the type C ⊗ ξ is oriented in this theory, that is, it possesses the Thom class. For any n-dimensional vector bundle ξ the canonical Thom class of the bundle C ⊗ ξ in this theory is defined using the classified map u(ξ) : T (C ⊗ ξ) → T (C ⊗ ξ_n) where ξ_n is the n-dimensional tautological vector bundle over BO(n). Let us denote by ū(ξ) another Thom class of the bundle C ⊗ ξ defined in this theory by the map ū(C ⊗ ξ) : T (C ⊗ ξ) = T (ξ ⊕ ξ)^{(1,−1)}−→ T (ξ ⊕ ξ) = T (C ⊗ ξ)^{u(ξ)}−→ T (C ⊗ ξ_n). Let ξ be a real vector bundle over a finite cell complex B and ξ^⊥ be its orthogonal complement. Let us construct the map ρ(ξ) : T (ξ ⊕ ξ^⊥)^{(−1,1)}−→ T (ξ ⊕ ξ^⊥). We denote by σ_m the suspension isomorphism CO^∗(B^+) → CO^{∗+m}(S^m ∧ B^+).

Theorem 5.1. For the real vector bundle ξ in the ring CO^∗(B^+) the following formula holds σ^{−1}_k ρ(ξ)^∗σ_k(1) = u(ξ)^{−1}ū(ξ) (5.2)

where we denote by u^{−1} the inverse map to the Thom isomorphism in the theory CO^∗(·) induced by the Thom class u, where k = dim(ξ ⊕ ξ^⊥).

Proof. Remark that the map Σ^k ( ρ(ξ) ) is homotopic to the map T (ξ ⊕ ξ ⊕ ξ^⊥ ⊕ ξ^⊥)^{(1,−1,1,1)} −−−−−−→ T (ξ ⊕ ξ ⊕ ξ^⊥ ⊕ ξ^⊥). Thus, the statement of the theorem immediately follows from multiplicativity of the Thom class.

We shall denote below by γ(ξ) the element (5.2) of the ring CO^∗(B^+). Suppouse F_l is a connected component of the zero submanifold of the Morse– Bott field s on the manifold F , and the corresponding map ψ^s is a symmetry respectively to a certain subbundle. Now let ξ be the subbundle on which ψ^s acts by fiber multiplication by −1.

Corollary 5.4. The following formula holds ( Ind_s(F_l) ) CO = γ(ξ). In particular, for the vector field s on grassmannization of the splittable vector bundle constructed above in this section the equality holds ( Ind ( RG^{n1}_{k1} (ξ) × RG^{n2}_{k2} (ζ) )) CO = γ ( π^∗_1 ( ξ(n_1 − k_1) ) ⊗ π^∗_2 ( ζ(k_2) )) .

Let us consider the formal group f(u, v) = u+v+ ∑ i,j⩾1 αij u iv^j , where α_{ij} ∈ Ω_U in complex cobordisms [15]. Let ū ∈ U^2 ( CP (∞) ) be the inverse element for u ∈ U^2 ( CP (∞) ) in this group, that is, such a formal row in Ω_U [ [u] ] that f(u, ū) = 0.

Denote by ϕ(x) the row such that ū = uϕ(u), and ϕ_n(c_1, . . . , c_n) the row in the ring U^∗ ( BU(n) ) ∼ = ΩU [ [c_1, . . . , c_1] ] defined by the identity ϕ_n ( σ_1(x_1, . . . , x_n), . . . , σ_n(x_1, . . . , x_n) ) = n∏ i=1 ϕ(x_i) where σ_i are elementary symmetric polynomials of n variables.

Using the canonical transformation μ^{CO}_U : CO^∗(·) → U^∗(·), immediately from Theorem 5.1 we get.

Corollary 5.5. In the ring of complex cobordisms U^∗(B^+) the following formula holds ( Ind_s(F_l) ) U = γ_U (ξ) = ϕ_n ( c_1(C ξ), . . . , c_n(C ξ) ) where γ_U (ξ) = μ^{CO}_U ( γ(ξ) ) . Corollary 5.6. For a one-dimensional real vector bundle ξ in the complex cobordism ring U^∗(B^+) the following formula holds

γ_U (ξ) = −1 − ∑ i,j⩾1 α_{ij} ( c_1(C ξ) )_{i+j−1} .

Proof. Remark that c_1(C ξ) = c_1( C ξ ). Thus, f ( c_1(C ξ), c_1 (C ξ) ) = 0.

Hence, the desired result is obtained.

§ 6. Addition Theorems for Pontrjagin Characteristic Classes

In this section we shall apply the localization property of the transfer map for studying characteristic classes of the real vector bundles introduced in [6]. In case of ordinary integral cogomologies integer classes coincide with classical Pontrjagin characteristic classes and that is why they were called in [6] as Pontrjagin classes. The construction of characteristic classes [6] is based on the following properties of the transfer map (see [3], [8]).

Let (E_i, F_i, B_i, p), i = 1, 2, be fiber bundles whose fibers are smooth compact closed manifolds.

Property 6.1 (functoriality). If

ψ : (E_1, F_1, B_1, p) → (E_2, F_2, B_2, p)

is a bundle map, then τ (p_2) ∘ ψ ∼ ψ ∘ τ (p_1).

Property 6.2 (multiplicativity). If (E, F, B, p) = (E_1 × E_2, F_1 × F_2, B_1 × B_2, p_1 × p_2), then τ (p_1) ∧ τ (p_2) ∼ τ (p_1 × p_2).

Let ξ be a real n-dimensional vector bundle over a finite cell complex B (we can assume without loss of generality that B is a smooth manifold). Let us consider grassmannization of the vector bundle ξ , that is, the bundle ( RG^n_k (ξ), RG^n_k , B, p_k ) . for given k, 1 ≤ k ≤ n. Let τ (p_k) be the transfer map for this bundle. We denote by ξ(k) the tautological vector bundle over RG^n_k (ξ) and by f_k its classified map ξ(k) = f^∗_k ξ_k where ξ_k is the tautological bundle over BO(k). Let s_0 : BO(k) → T (C ⊗ ξ_k) be the embedding on the zero section.

Definition 6.1. In the theory CO^∗ the half-integer Pontrjagin class p_{k/2}(ξ) is equal to p_{k/2}(ξ) = τ (p_k)^∗f^∗χ(C ⊗ ξ_k) = τ (p_k)^∗f^∗[s_0] (6.1) where χ(C ⊗ ζ) is the Euler class of the bundle C ⊗ ζ in the theory CO^∗ (see [6]). Suppose p_{k/2}(ξ) = 0 for k > n.

As it follows from the property of the transfer map 6.1 the formula (6.1) defines characteristic classes of real vector bundles.

Theorem 6.1. Let ξ and ζ be real vector bundles (dim ξ = n_1, dim ζ = n_2, n_1 + n_2 = n). Then the following formula holds p_{k/2}(ξ × ζ) = ∑ k_1 +k_2=k

τ (p_{k1k2} )^∗ ( γ ( π^∗_1 ξ(n_1 − k_1) ⊗ π^∗_2 ζ(k_2) ) χ ( C ⊗ ξ(k_1) )

× χ ( C ⊗ ζ(k_2) )) for any k, where τ (p_{k1k2} ) is the transfer map of the bundle RG^{n1}_{k1} (ξ) × RG^{n2}_{k2} (ζ), π_1 and π_2 are the projections on the first and second factors in the product RG^{n1}_{k1} (ξ) × RG^{n2}_{k2} (ζ).

Proof. Let us apply the localization property of the transfer map in the form of Theorem 4.2 to the vector field s on RG^n_k (ξ × ζ) constructed in § 5. Owing to Corollary 5.4 we obtain

τ (p_k)^∗χ ( C ⊗ η(k) ) = ∑ k_1 +k_2=k

τ (p_{k1k2} )^∗ ( γ ( π^∗_1 ξ(n_1 − k_1) ⊗ π^∗_2 ζ(k_2) ) χ ( C ⊗ ξ(k_1) )

× χ ( C ⊗ ζ(k_2) )) (6.2) where we denote by η(k) the k-dimensional tautological vector bundle over RG^n_k (ξ× ζ). It remains to remark that the left part of (6.2) is equal to p_{k/2}(ξ × ζ) by the definition.

Let us show the method to obtain from Theorem 6.1 the addition formula for Pontrjagin classes modulo elements of 2-primary order.

Theorem 6.2. Let ξ and ζ be real vector bundles over a finite cell base B (dim ξ = n_1, dim ζ = n_2, n_1 + n_2 = n). For any k the following formula holds p_{k/2}(ξ ⊕ ζ) = ∑ k_1 +k_2=k

(−1)^{(n1−k1)k2} p_{k1 /2}(ξ)p_{k2 /2}(ζ) (mod 2 Tors).

Proof. Owing to functoriality of the Pontrjagin classes it is enough to prove the statement of the theorem for the bundle π^∗_1 (ξ) ⊕ π^∗_2 (ζ) over B × B, where π_1 and π_2 are the projections on the first and the second factors in the product B × B. Remark also that π^∗_1 (ξ) ⊕ π^∗_2 (ζ) ∼= ξ × ζ.

Assume that α = ( Ind_s ( RG^{n1}_{k1} (ξ) × RG^{n2}_{k2} (ζ) )) CO. ¿From Corollary 5.2 α^2 = 1. We have α = ±1 + u, where u ∈ ~CO^0 ( RG^{n1}_{k1} (ξ) × RG^{n2}_{k2} (ζ)^+ ) . Since we work in the category of finite cell complexes, the element u is nilpotent. The relation α^2 = 1 involves the equality ±2u + u^2 = 0. Hence and from nilpotency of u we conclude that the element u is 2-primary, that is, u ∈ 2 Tors. Thus, α = ±1(mod(2 Tors)). From Corollary 5.3

α ≡ (−1)^{(n1−k1 )k2} (mod 2 Tors). (6.3)

We denote by η(k) the k-dimensional tautological vector bundle over RG^n_k (ξ ×ζ). From the formula (6.2) taking into account (6.3) we obtain

τ (p_k)^∗χ ( C ⊗ η(k) ) = = ∑ k_1 +k_2=k

(−1)^{(n1−k1 )k2} τ (p_{k1 k2} )^∗ ( χ(C ⊗ ξ_{k1} ) × χ(C ⊗ ζ_{k2} ) ) (mod 2 Tors).

(6.4)

¿From multiplicativity of the transfer map 6.2 it follows that

τ (p_{k1} × p_{k2} )^∗ ( χ ( C ⊗ ξ(k_1) ) × χ ( C ⊗ ζ(k_2) )) = τ (p_{k1} )^∗χ ( C ⊗ ξ(k_1) ) τ (p_{k2} )^∗χ ( C ⊗ ζ(k_2) ) . (6.5)

Combining (6.4) and (6.5) we obtain the formula required p_{k/2}(ξ × ζ) = ∑ k_1+k_2 =k

(−1)^{(n1−k1 )k2} p_{k1/2}(ξ) × p_{k2/2}(ζ) (mod 2 Tors).

Theorem 6.3. Half-integer Pontrjagin classes are stable

p_{k/2}(ξ ⊕ 1) = p_{k/2}(ξ) = p_{k/2}(1 ⊕ ξ).

Proof. Let us apply the localization property of the transfer map to the bundle RG^{n+1}_k (ξ ⊕ 1) (dim ξ = n). Using Corollary 5.1 we obtain that for any element x ∈ CO^∗ ( RG^{n+1}_k (ξ ⊕ 1)^+ ) and for a certain element α ∈ CO^0 ( RG^{n+1}_k (ξ ⊕ 1)^+ ) the following splitting holds

τ (p)^∗x = τ (p_1)^∗i^∗_1x + τ (p_2)^∗αi^∗_2x

where τ (p_1) is the transfer map of the bundle ( RG^n_k (ξ), RG^n_k , B, p_1 ) and τ (p_2) is the transfer map of the bundle ( RG^n_{k−1}(ξ), RG^n_{k−1}, B, p_2 ) , the other maps were defined in the formulation of the localization property.

Since under the embedding RG^n_{k−1}(ξ) ⊂ RG^{n+1}_k (ξ ⊕ 1) the tautological vector bundle ξ(k) over RG^{n+1}_k (ξ ⊕ 1) turns to the sum ξ(k − 1) ⊕ 1, where ξ(k − 1) is the tautological vector bundle over RG^n_{k−1}(ξ), then τ (p)^∗χ ( ⊗ ξ(k) ) = τ (p_1)^∗χ ( ⊗ ξ(k) ) + τ (p_2)^∗αχ ( ⊗ ( ξ(k − 1) ⊕ 1 )) = τ (p_1)^∗χ ( ⊗ ξ(k) ) . Hence, we obtain the first equality of the theorem.

To prove the second equality it is enough to multiply the vector field from § 5 by −1 and to proceed with an analogous reasoning.

Corollary 6.1. The half-integer Pontrjagin class p_{k/2}(ξ) is 2-primary for odd k.

Proof. Using Theorem 6.2

p_{k/2}(1 ⊕ ξ) = (−1)^kp_{k/2}(ξ) (mod 2 Tors),

and from Theorem 6.3 p_{k/2}(1 ⊕ ξ) = p_{k/2}(ξ). For odd k these equalities are compatible only if p_{k/2}(ξ) ∈ 2 Tors.

Corollary 6.2. For any two real vector bundles ξ and ζ the following relation holds [6] p_{2k/2}(ξ ⊕ ζ) = ∑ k_1 +k_2=k

p_{2k1 /2}(ξ)p_{2k2 /2}(ζ) (mod 2 Tors).

Theorem 6.4. For the image of Pontrjagin characteristic classes in the complex cobordisms there is a formula, which expresses the half-integer Pontrjagin classes of the sum of two real vector bundles in terms of characteristic classes of their summands.

Proof. Owing to splitting (6.2) it is enough to prove that ( Ind_s ( RG^{n1}_{k1} (ξ) × RG^{n2}_{k2} (ζ) )) U can be expressed as a polynomial of characteristic classes of the bundles ξ(k_1) and ζ(k_2) with coefficients in p^∗_1 ( U^∗(B) ) ⊗ p^∗_2 ( U^∗(B) ) , where p_1 and p_2 are the projections in the bundles RG^{n1}_{k1} (ξ) and RG^{n2}_{k2} (ζ) respectively. Owing to Lemma 5.1 and Corollary 5.5 the following equality holds in complex cobordisms ( Ind_s ( RG^{n1}_{k1} (ξ) × RG^{n2}_{k2} (ζ) )) U = ϕ_{(n1−k1)k2} ( c_1(η), . . . , c_{(n1−k1 )k2} (η) )

where η ∼= C ⊗ ( ξ(n_1 − k_1) ⊗ ζ(k_2) ) . Using the splitting principle for complex vector bundles and the formula for the formal group f ( c_1(η_1), c_1(η_2) ) = c_1(η_1 ⊗ η_2)

we obtain the expression of the classes c_i(η) in terms of characteristic classes of the bundles C ⊗ ξ(n_1 − k_1) and C ⊗ ζ(k_2). Finally, it is enough to remark that ξ(n_1 − k_1) ⊕ ξ(k_1) ∼= p^∗_1ξ.

Remark 6.1. Half-integer Pontrjagin classes p_{k/2}(ξ) with odd numbers k can have any 2-primary order. For example, let ξ_1 be the one-dimensional tautological vector bundle over RP^{2n+1}. We denote by μ^{CO}_K : CO^∗(·) → K^∗(·) the canonical transformation of the cogomology theories. The order of μ^{CO}_K ( p_{1/2}(ξ_1) ) ∈ K^∗(RP^{2n+1}) is equal to 2^n.

At the end of this section we shall consider in detail the addition theorem for the first half-integer Pontrjagin class (see [9]).

We assume that ξ and ζ are vector bundles over a finite cell base B. Let τ (p) be the transfer map of the bundle RP (ξ ⊕ ζ), τ (p_1) the transfer map of the bundle RP (ξ), τ (p_2) the transfer map of the bundle RP (ζ). Let us denote by i_1 the embedding RP (ξ) ⊂ RP (ξ ⊕ ζ), by i_2 the embedding RP (ζ) ⊂ RP (ξ ⊕ ζ).

Theorem 6.5. The following formula holds

τ (p)^∗(x) = τ (p_1)^∗i^∗_1(x) + τ (p_2)^∗ ( γ_U ( p^∗_2ξ ⊗ ζ(1) ) i^∗_2(x) ) for any x ∈ U^∗ ( RP (ξ ⊕ ζ) ) . Proof. The statement of the theorem immediately follows from Theorem 4.2 and Corollaries 5.1 and 5.4.

Corollary 6.3. For any two one-dimensional real vector bundles ξ and ζ over a finite cell base the following equality holds p_{1/2}(ξ ⊕ ζ) = u − v − ∑ i,j⩾1 α_{ij} f(u, v)^{i+j−1}v where u = p_{1/2}(ξ), v = p_{1/2}(ζ).

Proof. For any one-dimensional vector bundle ξ we have p_{1/2}(ξ) = c_1(C ⊗ ξ). Thus, the statement required follows from the explicit form γ_U (ξ ⊗ ζ) (see Corollary 5.6).

Let [u]_2 = ua(u), where a(u) = 2 + ∑ i,j⩾1 αij u i+j−1. Then the result of Corol-

lary 6.3 can be written in the form p_{1/2}(ξ ⊕ ζ) = u + v − a ( f(u, v) ) v. Next let us introduce the following series, symmetric on u and v: δ(u, v) = a(u) − a(v) u − v , d(u, v) = va(u) − ua(v) u − v . Let us write the series α(u) = 1 + ∑ i⩾1 α_{i1}u^i in the form

α(u) = α_0(u^2) + uα_1(u^2).

Theorem 6.6. For any two real one-dimensional vector bundles ξ and ζ the following equality holds p_{1/2}(ξ ⊕ ζ) = u + v − uv [ α_0(uv)δ(u, v) + α_1(uv)d(u, v) ] where u = p_{1/2}(ξ) and v = p_{1/2}(ζ).

Proof. Let

Φ(u, v) = 1 + ∑ i,j⩾1 α_{ij} u^i ( v^j − ū^j v − ū ) ∈ Ω_U [ [u, v] ]

where ū satisfies the relation f(u, ū) = 0. Then f(u, v) = f(u, v) − f(u, ū) = (v − ū)Φ(u, v). We get f ( [u]_2, [v]_2 ) = [ f(u, v) ] 2 = f(u, v)a ( f(u, v) ) . Therefore, ( [v]_2 − [ū]_2 ) Φ ( [u]_2, [v]_2 ) = (v − ū)Φ(u, v)a ( f(u, v) ) . Thus, in the ring Ω_U [ [u, v] ] the following identity holds Φ(u, v)a ( f(u, v) ) v = ( [v]_2 + ūv a(v) − a(ū) v − ū ) Φ ( [u]_2, [v]_2 ) . To prove Theorem 6.6 it is enough to assume that ξ and ζ are one-dimensional tautological vector bundles over RP (∞). Thus, all further computations can be held in the factor ring A = Ω_U [ [u, v] ] / ( [u]_2, [v]_2 ) .

¿From the identity [u]_2 = (u − ū)Φ(u, u) in Ω_U [ [u] ] immediately follows that in the factor ring u = ū and v = v̄. Using the relations [u]_2 = 0 and u = ū we obtain the following identity in A Φ(u, v)a ( f(u, v) ) v = uv δ(u, v), from which it immediately follows that in A the following relation holds a ( f(u, v) ) v = a ( f(u, v) ) u. Using now an explicit form of the series Φ(u, v) introduced above we obtain that in the ring A the following identity holds a ( f(u, v) ) Φ(u, v) = a ( f(u, v) ) ∂ ∂v f(u, v). Lemma 6.1. In the ring Ω_U [ [u, v] ] the following formula holds ∂ ∂v f(u, v) = CP (v) CP ( f(u, v) ) where CP (v) = dg(v)/dv = 1 + ∑ n⩾1 [ CP (n) ] v^n and g(v) is logarithm of the group f(u, v). Proof. In the ring Ω_U ⊗Q [ [u, v] ] for the series f(u, v) the following expression holds f(u, v) = g^{−1} ( g(u) + g(v) ) . Since dg^{−1}(x) dx · dg ( g^{−1}(x) ) dg^{−1}(x) = 1,

we obtain that ∂ ∂v f(u, v) = ∂g^{−1} ( g(u) + g(v) ) ∂g(v) ∂g(v) ∂v = CP (v) CP ( f(u, v) ) . Returning to the ring A we obtain a ( f(u, v) ) ∂ ∂v f(u, v) = a ( f(u, v) ) CP (v) CP ( f(u, v) ) = a ( f(u, v) ) CP (v). Let us remind that 1 CP (v) = ∂f(u, v) ∂u | | |_{u=0} = 1 + ∑ i⩾1 α_{i1}v^i = α(v). Therefore, uv δ(u, v)α(v) = α(v)Φ(u, v)a ( f(u, v) ) v = a ( f(u, v) ) v.

Lemma 6.2. In the ring A the following relations hold uv δ(u, v)v = uv d(u, v), uv δ(u, v)v^2 = uv δ(u, v)uv. Proof. The first equality follows from the relation uv a(v) − a(u) v − u v = uv va(v) − va(u) + ua(v) − ua(v) v − u = uv ua(v) − va(u) + (v − u)a(v) v − u = uv ua(v) − va(u) v − u = uv d(u, v). The second one follows from the relation a ( f(u, v) ) v = a ( f(u, v) ) u: uv δ(u, v)v^2 = Φ(u, v)a ( f(u, v) ) v^3 = Φ(u, v)a ( f(u, v) ) vuv = uv δ(u, v). Applying the relations from Lemma 6.2 we obtain uv δ(u, v)α(v) = uv δ(u, v) ( α_0(v^2) + vα_1(v^2) ) = uv ( α_0(uv)δ(u, v) + α_1(uv)δ(u, v)v ) = uv ( α_0(uv)δ(u, v) + α_1(uv)d(u, v) ) , that allows us to finish the proof of Theorem 6.6.

This theorem gives an explicit form of the formal series, symmetric on u and v b(u, v) = u + v + ∑ i,j⩾1 β_{ij} u^iv^j

such that for any two one-dimensional real vector bundles ξ and ζ over X the following formula holds

p_{1/2}(ξ ⊕ ζ) = b(u, v) ∈ U^2(X)

where u = p_{1/2}(ξ) and v = p_{1/2}(ζ).

Theorem 6.7 (the addition formula for the first half-integer Pontrjagin class). For any two real vector bundles ξ and ζ

p_{1/2}(ξ ⊕ ζ) = u + v + ∑ k,l⩾1 β_{kl}s_{k−1}(u)s_{l−1}(v)

where u = p_{1/2}(ξ), v = p_{1/2}(ζ), s_k are the Landweber–Novikov operations in complex cobordisms [15].

Proof. ¿From the localization theorem for the transfer map it follows that

p_{1/2}(ξ ⊕ ζ) = p_{1/2}(ξ) + τ (p)^∗ ( γ_U ( p^∗(ξ) ⊗ ζ(1) ) · w ) where τ (p) is the transfer map of the bundle RP (ζ), w = χ ( C ⊗ ζ(1) ) . First let us assume that dim ξ = 1. We have

p_{1/2}(ξ ⊕ ζ) = u + τ (p)^∗ ( γ_U ( p^∗ξ ⊗ ζ(1) ) w ) , (6.6) p_{1/2}(ζ ⊕ ξ) = v + γ_U (ζ ⊗ ξ)u (6.7)

where u = p_{1/2}(ξ), v = p_{1/2}(ζ).

Remark that from Corollary 5.6 τ (p)^∗ ( γ_U ( p^∗ξ ⊗ ζ(1) ) w ) = −τ (p)^∗ ( w + ∑ i,j⩾1 α_{ij}f(p^∗ u, w)^{i+j−1}w )

= τ (p)^∗ ( p_{1/2} ( p^∗ξ ⊕ ζ(1) ) − p_{1/2}(p^∗ξ) ) . (6.8)

The Landweber-Novikov operations are stable cohomology operations, therefore, they commute with the map τ (p)^∗. Owing to Theorem 6.6 we obtain that the expression (6.8) is equal to τ (p)^∗ ( w + ∑ k,l⩾1 β_{kl}(p^∗u)^kw^l ) = v + ∑ k,l⩾1 β_{kl}u^ks_{l−1}(v).

Setting (6.6) to be equal to (6.7) we obtain

γ_U (ζ ⊗ ξ^∗) · u = u + ∑ k,l⩾1 β_{kl}u^ls_{k−1}(v).

Consider now the case of an arbitrary ξ. We have

p_{1/2}(ξ ⊕ ζ) = u + τ (p)^∗ ( γ_U ( p^∗(ξ) ⊗ ζ(1)^∗ ) w ) = u + τ (p)^∗ ( w + ∑ k,l⩾1 β_{kl}w^lp^∗s_{k−1}(u) ) = u + v + ∑ k,l⩾1 β_{kl}s_{l−1}(v)s_{k−1}(u).

This completes the proof.

Theorem 6.8. The characteristic class p_{1/2} defines the map

p_{1/2} : KO(X) → U^2(X),

on whose image there is an associative addition operation x ⊕ y = x + y + ∑ k,l⩾1 β_{kl}s_{l−1}(y)s_{k−1}(x).

Let us pay attention that this operation is not reduced to any formal group.

§ 7. Pontrjagin Characteristic Classes of Complex Vector Bundles

Theorem 7.1. Let η be a n-dimensional complex vector bundle. The transfer map τ (p) of the bundle RG^{2n}_{2k+1}(η) is homotopic to the constant map. The transfer maps τ (p_1) and τ (p_2) of the bundles RG^{2n}_{2k} (η) and CG^n_k (η) are connected by the relation

τ (p_1) ∼ i ∘ τ (p_2)

where i : CG^n_k (η) → RG^{2n}_{2k} (η) is the canonical embedding.

Proof. Let us consider the bundle RG^{2n}_k (η)^{RG2nk}−→ B. The group U(1) = S^1 acts on the space of this bundle. This action is induced by the complex structure in the vector bundle η. All hyperplanes α such that for any vector v ∈ α the vector iv belongs to α are fixed points of the action. Since the vectors v and iv are linearly independent over the real number field, the fixed points can appear whenever k is even. Applying the localization property to the vector field corresponding to the action we obtain that the transfer map τ (p) of the bundle RG^{2n}_{2k+1}(η) is homotopic to the constant map (see Remark 3.4). In case of even k the fixed points of the action are such hyperplanes that are realifications of the (k/2)-dimensional complex subspaces of the bundle η. Applying the localization property we obtain τ (p_1) ∼ i ∘ τ (p_2).

Corollary 7.1. If the vector bundle η is stably isomorphic to the complex vector bundle, then p_{(2k+1)/2}(η) = 0.

Proof. Let the bundle η ⊕ [N] admit the structure of the complex vector bundle. Then p_{(2k+1)/2}(η) = p_{(2k+1)/2}(η ⊕ [N]) = 0.

For the theory of complex self-conjugate cobordisms SC^∗(·) the following canonical transformations of the cogomology theories exist μ^{CO}_{SC} : CO^∗(·) → SC^∗(·) and μ^{Sp}_{SC} : Sp^∗(·) → SC^∗(·) where Sp^∗(·) is the symplectic cobordism theory (see [6]).

Corollary 7.2. If the vector bundle η is stably isomorphic to the complex vector bundle, the image p_{2k/2}(η) in SC^∗(B) under the transformation μ^{CO}_{Sp} belongs to Im μ^{Sp}_{SC} ( Sp^∗(B) ) ⊂ SC^∗(B). Proof. Since Pontrjagin classes are stable, without loss of generality we can assume that the bundle η admits a complex structure. Let τ (p_1) be the transfer map of the bundle RG^{2n}_{2k} (η) and τ (p_2) the transfer map of the bundle CG^n_k (η). Denote by i : CG^n_k → RG^{2n}_{2k} the canonical embedding. From Theorem 7.1 we obtain μ^{CO}_{SC} ( p_{2k/2}(η) ) = μ^{CO}_{SC} τ (p_1)^∗χ ( C ⊗ ξ(2k) ) = μ^{CO}_{SC} τ (p_2)^∗i^∗χ ( C ⊗ ξ(2k) ) = μ^{CO}_{SC} τ (p_2)^∗χ ( C ⊗ η(k) ) = τ (p_2)^∗μ^{CO}_{SC} χ ( C ⊗ η(k) ) = τ (p_2)^∗χ ( η(k) ⊕ η(k) ) (7.1) where ξ(2k) is the 2k-dimensional tautological vector bundle over RG^{2n}_{2k} (η), and η(k) is the k-dimensional tautological vector bundle over CG^n_k (η). Remark that for any complex vector bundle η the bundle η ⊕ η̄ admits the canonical symplectic structure. Therefore, the right side of (7.1) belongs to Im μ^{Sp}_{SC} ( Sp^∗(B) ) . References

1. M. F. Atiyah, ”Characters and cohomology of finite groups”, Publ. Math. I.H.E.S. (1961), no. 9, 23–64.

2. J. C. Becker, Lecture Notes in Mathematics 428, Springer–Verlag, 1974, pp. 132–143. 3. J. C. Becker, D. H. Gottlieb, ”The transfer map and fiber bundles”, Topology 14 (1975), no. 1, 1–12.

4. P. Bressler, S. Evens, ”The Shubert calculas, braid relations, and generalized cohomology”, Trans. Amer. Math. Soc. 317 (1990), 799–811.

5. G. Brumfiel, I. Madsen, ”Evaluation of the transfer and the universal surgery classes”, Inventiones Math. 32 (1976), 133–169.

6. V. M. Buchstaber, ”Topological applications of the two-valued formal groups theory”, Izv.

Akad. Nauk SSSR Ser. Mat. 42 (1978), no. 1, 130–184.

7. V. M. Buchstaber, Itogi Nauki i Tekhniki. Modern Problems in Mathematics. Fundamental Directions., vol. 10, VINITI, Moscow, 1978, pp. 5–178.

8. V. M. Buchstaber, The transfer map of Becker and Gottlieb, Appendix 3 in: V. Snaith, Algebraic cobordism and K-theory, Mir, Moscow, 1983.

9. V. M. Buchstaber, K. E. Fel’dman, ”The addition formula for the first semi-integral Pontrjagin class in complex cobordisms”, Uspehi Mat. Nauk 52 (1997), no. 6, 151–152.

10. A. Dold, ”The fixed point index of fibre-preserving maps”, Inventiones Math. 25 (1974), 281– 297.

11. M. Feshbach, ”The transfer and compact Lie groups”, Trans. of the Amer. Math. Soc. 251 (1979), 139–169.

12. W. Fulton, R. MacPherson, ”Characterictic classes of direct image bundles for covering maps”, Annals of Mathematics. 125 (1987), 1–92.

13. J. Milnor, J. Stasheff, Characteristic classes, Mir, Moscow, 1979. 14. J. Milnor, A. Walles, Differentional topology. Initial course., Moscow, 1972. 15. S. P. Novikov, ”Algebraic topology methods from the point of view of cobordisms”, Izv. Akad.

Nauk SSSR Ser. Mat. 31 (1967), no. 4, 885–951.

16. M. M. Postnikov, Introduction to the Morse theory, Nauka, oscow, 1971. 17. V. Snaith, Algebraic cobordism and K-theory, Mir, Moscow, 1983.

18. A. Verona, ”Triangulation of stratified fibre bundles”, Manu. Math. 30 (1979/80), 425–445. 19. G. Whitehead, Recent advances in homotopy theory, Mir, Moscow, 1974. 20. E. Witten, ”Suppersymmetry and Morse theory”, J. Differential Geometry. 17 (1982), 661– 692.

The Lomonosov Moscow State University