arXiv:math.AT/0010025 2 Oct 2000

TANGENTIAL STRUCTURES ON TORIC MANIFOLDS, AND CONNECTED SUMS OF POLYTOPES

VICTOR M BUCHSTABER AND NIGEL RAY

Abstract. We extend work of Davis and Januszkiewicz by considering omnioriented toric manifolds, whose canonical codimension-2 submanifolds are independently oriented. We show that each omniorientation induces a canonical stably complex structure, which is respected by the torus action and so defines an element of an equivariant cobordism ring. As an application, we compute the complex bordism groups and cobordism ring of an arbitrary omnioriented toric manifold. We consider a family of examples Bi,j , which are toric manifolds over products of simplices, and verify that their natural stably complex structure is induced by an omniorientation. Studying connected sums of products of the Bi,j allows us to deduce that every complex cobordism class of dimension > 2 contains a toric manifold, necessarily connected, and so provides a positive answer to the toric analogue of Hirzebruch’s famous question for algebraic varieties. In previous work, we dealt only with disjoint unions, and ignored the relationship between the stably complex structure and the action of the torus. In passing, we introduce a notion of connected sum # for simple n-dimensional polytopes; when P^n is a product of simplices, we describe P^n#Q^n by applying an appropriate sequence of pruning operators, or hyperplane cuts, to Q^n .

1. Introduction

The study of toric varieties (or torus embeddings, as they were originally known) has entranced algebraic geometers since the 1970s, and provides a host of elegant and illuminating examples. Several comprehensive textbooks are now available, by authors such as Ewald [9], Fulton [10], and Oda [15]. In their pioneering paper of 1991 [8], Davis and Januszkiewicz defined the related notion of toric manifold, thereby extending the audience for the fascinating interplay between combinatorics, geometry and topology which characterises the subject.

A toric manifold M^{2n} admits a smooth action of the torus T^n which may be identified locally with the standard action of T^n on C^n ; the quotient space is required to be an n-dimensional ball, invested with the combinatorial structure of a simple convex polytope by the fixed point sets of appropriate subtori. A classic example is provided by the complex projective space CP^n, whose quotient polytope is the n-simplex Δ^n. More general examples may fail to be complex, as shown by the connected sum CP^n # CP^n whose quotient polytope is the product of simplices Δ^1 × Δ^{n−1}. However, it is clear from the work of Davis and Januskiewicz that the action of the torus gives rise to a family of

Date: 13.9.00.

Key words and phrases. Bounded flag manifold, complex cobordism ring, connected sum, omniorientation, simple polytope, stable tangent bundle, toric manifold. 1

complex structures on the stable tangent bundle; our basic aim is to classify the members of this family in terms of omniorientations, and to develop the consequences for complex cobordism theory.

Our programme has its origins in [5], where we constructed a sequence of stably complex toric manifolds B_{i,j} . Although we ignored any relationship between their stably complex structure and the action of the torus, we did confirm that the resulting cobordism classes are multiplicative generators of the complex cobordism ring Ω^U_∗ . It follows that every cobordism class is represented by a disjoint union of toric manifolds, which are suitably oriented products of the B_{i,j}. This situation compares with Hirzebruch’s corresponding result [12] for algebraic varieties, and leads to the same question; can the representatives be chosen to be connected? For varieties it remains unanswered, but we prove: Theorem 6.11. In dimensions > 2, every complex cobordism class contains a toric manifold, necessarily connected, whose stably complex structure is induced by an omniorientation, and is therefore compatible with the action of the torus.

During our proof we develop the notion of connected sum # for simple polytopes. In the case of the examples B_{i,j} the quotient polytopes are products of simplices; any such P^n determines a sequence of pruning operators, whose application to an arbitrary simple polytope Q^n provides an alternative description for P^n # Q^n in terms of hyperplane cuts.

Davis and Januszkiewicz succeeded in computing the integral homology and cohomology of an arbitrary toric manifold M^{2n}, and our analysis of stably complex structures allows us to extend their computations to complex cobordism theory. We summarise this development in a separate section, having studied the specific case of bounded flag manifolds in [4]. Our statement of results for M^{2n} depends on the choice of stably complex structure, and needs care to make precise. Nevertheless, knowledge of Ω^∗_U (M^{2n}) leads to the description of E^∗(M^{2n}) for any complex oriented cohomology theory, and has already been translated by Strickland [20] into the more sophisticated language of formal groups. Non-oriented theories are are more difficult to deal with, but Bahri and Bendersky have made considerable progress in the case of KO-theory [1].

Recently, Hattori [11] and Masuda [14] have studied torus actions on stably complex manifolds as a generalisation of toric varieties, and our work confirms that omnioriented toric manifolds fall within their framework. Also, Panov [16], [17] has incorporated our notion of omniorientation into his combinatorial description of certain cobordism invariants. Although the methods and objectives of these authors differ significantly from ours, it will be of interest to combine the various approaches in future.

Throughout our work we write T^n for the n-dimensional torus, and refer to its representation by diagonal matrices in U(n) as the standard action on C^n . The quotient space of this action is the positive cone {(x_1, . . ., x_n) : x_r ≥ 0, for 1 ≤ r ≤ n} in R^n, which we write as R^n_⩾. We may recover C^n from the cone as the identification space (T^n × R^n_⩾)/≈, where (t, x) ≈ (u, x) whenever the coordinates of t differ from the coordinates of u only in those positions r where x_r is zero, and the standard action is induced by multiplication in T^n. We let R^n_> denote the subspace of vectors whose coordinates are strictly positive. On several occasions we consider smooth manifolds which are locally diffeomorphic to R^n_⩾; following the original definitions of the 60s [13], we refer to these as n-dimensional manifolds with corners.

We often abbreviate singleton sets such as {v} by omitting the brackets. It is a pleasure to acknowledge the insight we have gained from discussions with several of our colleagues during the preparation of this work, and to nominate Tony Bahri, Yusuf Civan, Taras Panov and Neil Strickland for particular mention. The second author also wishes to apologise for the long delay in completing the manuscript; this was beyond his control, but has led to some confusion over the status of our results.

2. Toric manifolds

We begin with a summary of Davis and Januszkiewicz’s treatment of toric manifolds, giving our own interpretation as required for the study of stably complex structures in later sections.

We consider an unordered set H of m closed halfspaces H in a real affine space A^n . We assume that m > n, and that the bounding hyperplanes are in general position, so that no n+1 of them meet; we also insist that the removal of any halfspace will enlarge the intersection ∩_HH. We refer to ∩_HH as a simple n-polyhedron P^n, and to each of its intersections with a bounding hyperplane as a facet. Once an orthonormal coordinate system is chosen for A^n we may represent P^n by a matrix inequality A_P x ≥ b, where A_P is an H×n real matrix, and x and b are column vectors in R^n and R^H respectively; the rows of A_P are indexed by the elements of H, so that each H is described by the corresponding row of the inequality. We reserve the term polytope for a bounded polyhedron.

The standard octahedron, for example, is not simple, because 4-tuples of bounding hyperplanes meet at four of its vertices in R^3.

A simple polyhedron P^n is uniquely determined by its set of facets F(P ), which we abbreviate to F whenever possible. Given 0 < k ≤ n, every nonempty intersection of k facets forms a face of P^n, which has codimension k by general position; conversely, every codimension-k face G determines a unique set F_G of k facets. Any such face is itself a simple polyhedron G^{n−k} , defined by those facets of P^n which intersect it properly. We may therefore partition F as F(G) ∪ F_G ∪ D_G, (2.1)

where D_G consists of the facets disjoint from G. In particular, every vertex v of P^n is determined by a unique set F_v of n facets, and so lies in a neighbourhood which is linearly isomorphic to the cone R^n_⩾. It follows that P^n is an n-dimensional manifold with corners, and has an atlas with one affine chart U_v for each vertex v. Clearly P^n is a convex submanifold of the ambient A^n .

Geometers originally studied polyhedra up to affine equivalence, but the weaker notion of combinatorial equivalence, determined by the lattice of faces L_F (P ), is now equally fashionable; polyhedra are combinatorially equivalent if and only if they are diffeomorphic as manifolds with corners. Many fascinating details, and a host of further references, are given in Ziegler’s book [23].

To establish our notation we describe two fundamental families of polytopes in some detail, namely simplices and cubes.

The standard n-simplex Δ^n lies in R^n, and has defining halfspaces

H_r = {x : x_r ≥ 0} for 1 ≤ r ≤ n, and H_{n+1} = {x : x_1 + · · · + x_n ≤ 1},

(2.2)

with corresponding facets D_r = Δ^n ∩ H_r. Each D_r is a copy of the (n − 1)- simplex Δ^{n−1} for 1 ≤ r ≤ n, whilst D_{n+1} is affinely equivalent to Δ^{n−1}. The codimension k faces D_S are (n − k)-simplices, indexed by the k-element subsets S of {1, . . ., n + 1}, and the face lattice L_F (Δ^n) is therefore Boolean of rank n.

The standard n-cube I^n also lies in R^n, and has defining halfspaces

H^0_r = {x : x_r ≥ 0} and H^1_r = {x : x_r ≤ 1}

(2.3)

for 1 ≤ r ≤ n, with corresponding facets C^ε_r = I^n ∩ H^ε_r , where ε = 0 or 1. Each C^ε_r is an (n − 1)-cube I^{n−1}, for 1 ≤ r ≤ n. The codimension k faces are (n − k)-cubes, indexed by the cartesian coordinates of their centres; these are ternary sequences ξ of length n on {^1_2 , 0, 1}, in which^1_2 occurs n − k times. Thus C^ϵ_r is indexed by ξ_j =^1_2 for j ≠ r and ξ_r = ϵ, whilst the vertices are given by their coordinate sequences of 0s and 1s. The face lattice L_F (I^n) has 3^n elements, and is of independent interest to combinatorialists.

We often use the product polytope I^m × Δ^n. This has facets C^ε_r × Δ^n and I^m × D_s for 1 ≤ r ≤ m and 1 ≤ s ≤ n, written E^ε_r and E_s respectively.

We consider 2n-dimensional manifolds M^{2n} which are equipped with an action α of the torus T^n, and suppose for convenience that both M^{2n} and α are smooth. Given t ∈ T^n and x ∈ M^{2n}, we abbreviate α(t, x) to t · x wherever possible. We assume that α is locally equivalent to the standard action C^n , by insisting that every point x of M^{2n} lies in some neighbourhood V , closed under the action of α, for which there is a θ_x-equivariant diffeomorphism h: V → C^n ; in other words, h(t · y) = θ_x(t) · h(y) (2.4)

for some automorphism θ_x of T^n, and all t ∈ T^n and y ∈ V . Given a simple n-polyhedron P^n, we describe M^{2n} as a toric manifold over P^n whenever there exists a smooth projection π : M^{2n} → P^n whose fibres are the orbits of α. We may display this information as the quadruple (M^{2n}, α, π, P^n), and refer to P^n as the base polyhedron.

It is customary to insist that M^{2n} and P^n should be compact, but the extra generality will prove helpful in Sections 3 and 6 below.

Each face of P^n of codimension k is the image under π of the fixed point set of some k-dimensional subtorus, for all 0 ≤ k ≤ n; for example, the vertices are the image of the fixed points, and the boundary ∂P^n is the image of the points on which T^n fails to act freely. The maps h descend to local diffeomorphisms between P^n and the cone R^n_⩾, yielding charts for P^n as a manifold with corners. In particular, the charts based on open subsets U_v ⊂ P^n correspond to a finite T^n-invariant atlas for M^{2n}, each of whose open sets V_x contains a single fixed point x = π^{−1}(v). It follows from [8] that π admits smooth right inverses P^n → M^{2n}, from which we select a preferred section s, transverse to the orbits. Any other choice differs from s by some map P^n → T^n, and is therefore homotopic to s through right inverses because P^n is contractible. We note that P^n and the quotient M^{2n}/T^n are diffeomorphic as manifolds with corners.

Every facet F of P^n determines a subspace π^{−1}(F ), readily seen to be a submanifold X(F )^{2(n−1)} ⊂ M^{2n} with isotropy subgroup a circle T (F ) in T^n. As F ranges over F_G for some face G of codimension k, the X(F )^{2(n−1)} intersect transversally in a submanifold X(G)^{2(n−k)}, whose isotropy subgroup T (G) is a k-dimensional subtorus, and is generated by the circles T (F ). We therefore have a characteristic map λ: L_F (P ) → L_S (T^n) into the lattice of subtori of T^n, which preserves the corresponding concept of rank. In this way, we associate the characteristic pair (P^n, λ) to (M^{2n}, α, π, P^n).

Now let us reverse this process by starting with a pair (P^n, λ), where λ is a rank-preserving map of the lattices above. Note that each point q of ∂P^n lies in the relative interior of a unique face G(q). We use this data to construct the identification space (T^n × P^n)/∼ , (2.5)

where (t, q) ∼ (u, q) if and only if tu^{−1} lies in the subtorus λ(G(q)) of T^n. Multiplication on the first coordinate defines an action of T^n on the resulting space, with quotient P^n. Whenever q lies in the interior of P^n the equivalence classes (t, q) are singletons, and have trivial isotropy subgroups; at the other extreme, the fixed points consist of the equivalence classes (1, v), where v ranges over the vertices of P^n. Just as P^n is covered by the open sets U_v, based on the vertices and diffeomorphic to R^n_⩾, so the identification space is covered by open sets (T^n × U_v )/∼ , centred on the fixed points (1, v) and homeomorphic to (T^n × R^n_⩾)/≈, and therefore to C^n . With this structure, the rank-preserving properties of λ ensure that the identification space is a toric manifold over P^n, which we say is derived from (P^n, λ).

Given two toric manifolds over the same polyhedron P^n, we deem them to be indestinguishable whenever they are linked by some θ-equivariant diffeomorphism (in the sense of (2.4)) which covers the identity map on P^n; here θ is an automorphism of the torus T^n, and so induces an automorphism θ_∗ of the lattice L_S (T^n). Any such diffeomorphism descends to a θ-translation of characteristic pairs, in which the two charactersitic maps differ by θ_∗. When θ is the identity, these concepts reduce to equivariant diffeomorphism of toric manifolds and equality of characteristic pairs, respectively. Two θ-equivariant diffeomorphisms f and f^′ are equivalent whenever there exist equivariant diffeomorphisms h_1 and h_2 such that f · h_1 = h_2 · f^′.

Proposition 2.6. For any automorphism θ, the assignment of characteristic pairs defines a bijection between equivalence classes of θ-equivariant diffeomorphisms of toric manifolds, and θ-translations of pairs (P^n, λ).

Proof. To prove bijectivity, we show that the inverse assignment is given by taking derived toric manifolds; to each θ-translation (P^n, λ) → (P^n, θ_∗(λ) we associate the θ-equivariant diffeomorphism θ×1: (T^n ×P^n)/∼ → (T^n×P^n )/∼_θ , where (t, q) ∼_θ (u, q) if and only if tu^{−1} ∈ θ_∗(λ)(G(q)).

It follows directly from the definitions that θ × 1 descends to the original θtranslation (P^n, λ) → (P^n, θ_∗(λ) of characteristic pairs. If, on the other hand, we start with a θ-equivariant diffeomorphism f : M^{2n}_1 → M^{2n}_2 (or its equivalent), then θ×1 is derived from the corresponding θ-translation of characteristic pairs. But the preferred section s_1 for M^{2n}_1 automatically extends to an equivariant diffeomorphism S_1 : (T^n × P^n)/∼ → M^{2n}_1 , and the section s_2 = f · s_1 extends to an eqivariant diffeomorphism S_2 : (T^n ×P^n)/∼_θ → M^{2n}_2 ; thus f ·S_1 = S_2 ·(θ×1), whence f and θ × 1 are equivalent, as required.

In subsequent sections it will be convenient to replace (M^{2n}, α, π, P^n) by its derived form (2.5), and use S to transfer our constructions back to M^{2n}. We abbreviate (T^n × P^n)/∼ to M^{2n}_• .

The facial submanifolds X(G)^{2(n−k)} are central to cobordism calculations, and form a lattice L_X (M^{2n}) which is isomorphic to L_F (P ). We write ν(G) for the normal 2k-bundle of the embedding X(G)^{2(n−k)} ⊂ M^{2n}. We may assume that T (G) acts on the fibres of ν(G) isometrically with respect to a T^n-invariant metric; the transformations acting tangentially form an (n − k)-dimensional subtorus T^⊤(G), which splits T^n as T (G) × T^⊤(G) and invests X(G)^{2(n−k)} with its own toric structure. We refer to this action as the restriction of α, and note that different choices of basis for T^⊤(G) correspond to θ-equivariantly diffeomorphic versions of X(G)^{2(n−k)}. Thus L_X (M^{2n}) is a lattice of subtoric manifolds.

Under S the facial submanifold X(G)^{2(n−k)} corresponds to the identification subspace (T^⊤(G) × G^{n−k} )/ ∼ , which we may equate with the derived form X(G)^{2(n−k)} • once a basis is chosen for T^⊤(G).

We are particularly interested in three families of toric manifolds. They all happen to be toric varieties, but admit alternative stably complex structures which arise naturally in the context of complex cobordism theory. In giving their description, we denote a generic element t of T^n by (t_1, . . ., t_n), and for each 1 ≤ r ≤ n we write T_r for the rth coordinate circle, defined by t_k = 1 unless k = r; we write the diagonal circle as T_δ. In each case we leave to readers the task of verifying that the action is locally standard .

Example 2.7. Complex projective space CP^n is a toric manifold with respect to the action induced by t·z = (t_1z_1, . . ., t_nz_n, z_{n+1}) on the unit sphere in C^{n+1} , and the projection π([z]) = (|z_1|^2, . . ., |z_n|^2) onto the n-simplex Δ^n.

In the notation of (2.2), the facial submanifold X(D_r) is a copy of CP^{n−1}; the normal bundle ν(D_r) is isomorphic (as real 2-plane bundles) to the Hopf bundle ζ(n − 1), and is the restriction of ζ(n). The characteristic map is given by λ(T^{Dr} ) = T_r for 1 ≤ r ≤ n, and λ(T^{Dn+1} ) = T_δ. Each X(D_S) is a copy of CP^{n−|S|}, and the lattice L_X (CP^n) is Boolean of rank n.

The stable tangent bundle arising from the complex algebraic structure is given by a canonical isomorphism τ(CP^n) ⊕ C ∼= (n + 1)ζ(n) [19].

Example 2.8. The bounded flag manifold B_n is described in [4], and consists of complete flags U in C^{n+1} for which U_k contains the subspace C^{k−1} (spanned by the first k − 1 standard basis vectors) for 2 ≤ k ≤ n; thus U is equivalent to a sequence of lines L_k < C_k ⊕ L_{k+1} for 1 ≤ k ≤ n, where C_k denotes the kth coordinate line, and L_{n+1} = C_{n+1} . Then B_n is a toric manifold with respect to the action induced by t · z = (t_1z_1, . . ., t_nz_n, z_{n+1}) on C^{n+1} , and projection π(U) = (π(L_1), . . ., π(L_n)) onto the n-cube I^n, where π(L_k) is defined in R_⩾ by projecting a unit vector onto C_k and taking the square of its modulus. For each 1 ≤ k ≤ n, complex line bundles γ_k(n) and ρ_k(n) are defined over B_n by assigning to any bounded flag U the line L_k and the orthogonal complement L_{k,k+1} of L_k in C_k ⊕L_{k+1} respectively. By convention we set γ_0(n) and γ_{n+1}(n) to be trivial, and identify ρ_0(n) with γ_1(n).

In the notation of (2.3), the facial submanifold X(C^0_r ) is a copy of B_{n−1}, whose flags lie in C^{{1,...,n+1}\r}; the normal bundle ν(C^0_r ) is the restriction of γ_r(n). On the other hand, X(C^1_r ) is a copy of B_{r−1} × B_{n−r}, where the flags of the factors lie in C^r and C^{{r+1,...,n+1}} respectively; ν(C^1_r ) is the restriction of ρ_r(n). The submanifolds X(C^0_r ) and X(C^1_r ) are labelled in [4] as Y_{{1,...,n}\r} and X_{{1,...,n}\r} respectively. The characteristic map is given by λ(T^{C0r} ) = T_r and λ(T^{C1r} ) = T_δ < T^r, where the latter is embedded in T^n via the first r coordinates, for 1 ≤ r ≤ n. The lattice L_X (B_n) is isomorphic to L_F (I^n).

Each B_n is the sphere bundle of γ_1 ⊕ R over B_{n−1}. As detailed in [18], this leads to a stably complex structure τ(B_n) ⊕ R^2 ∼= ⊕^{n+1}_{k=2} γ_k(n) ⊕ C , which plays an important rôle in complex cobordism theory despite bounding the associated disk bundle.

Example 2.9. The manifold B_{i,j} (for integers 0 ≤ i ≤ j) is introduced in [5], and consists of pairs (U, W ), where U is a bounded flag in C^{i+1} and W is a line in U^⊥_1 ⊕ C^{j−i} . So B_{i,j} is a smooth CP^{j−1}-bundle over B_i. It has dimension 2(i + j − 1), and is a toric manifold with respect to the action induced by t · (z, w) = (t_1z_1, . . ., t_iz_i, z_{i+1}, t_{i+1}w_1, . . ., t_{i+j−1}w_{j−1}, w_j) on C^{i+1} × (U^⊥_1 ⊕ C^{j−i} ), where the coordinates of w are chosen with respect to the decomposition L_{1,2} ⊕ L_{2,3} ⊕ · · · ⊕ L_{i,i+1} ⊕ C^{{i+2,...,j+1}}. Projection onto the product I^i × Δ^{j−1} is defined as π(U, W ) = (π(U), π(W )), by combining Examples 2.7 and 2.8. For each 1 ≤ k ≤ i, complex line bundles γ_k(i) and ρ_k(i) are defined over B_{i,j} by pullback from B_i; similarly, ζ is defined by considering W as a line in C^{j+1} .

The facial submanifolds X(E^0_r ) and X(E_s) are copies of B_{i−1,j} and B_{i,j−1} respectively, for all 1 ≤ r ≤ i and i + 1 ≤ s ≤ j; the corresponding normal bundles ν(E^0_r ) and ν(E_s) are the restrictions of γ_r(i) and ζ. The manifolds X(E^1_r ) and X(E_s) for 1 ≤ s ≤ i are new. The characteristic map is given by λ(T^{C0r} ) = {(t, t^{−1})} in T_r × T_{i+r}, and λ(T^{C1r} ) = {(t, . . ., t, t^{−1}, . . ., t^{−1})} in T^r × T^{r−1}, where T^r and T^{r−1} are embedded in T^{i+j−1} by the first r and the {i + 1, . . ., i + r − 1} coordinates respectively; and also by λ(T^{Ds} ) = T_{i+s} for 1 ≤ s ≤ j − 1 and λ(T^{Dj} ) = T_δ < T^{j−1}, where T^{j−1} is embedded in T^{i+j−1} as the last j − 1 coordinates. The lattice L_X (B_{i,j}) is isomorphic to the product L_F (I^i) × L_F (Δ^{j−1}).

The projection onto B_i and the classifying map of ζ together provide a smooth embedding of B_{i,j} in B_i × CP^j , whose normal bundle is γ_1(i) ⊗ ζ. Combining this with the bounding structure on B_i and the varietal structure on CP^j yields the isomorphism τ(B_{i,j}) ⊕ (γ_1(i) ⊗ ζ) ⊕ C ∼= ⊕^{i+1}_{k=2}γ_k(i) ⊕ (j + 1)ζ which defines the stably complex structure used implicitly in [5].

Further examples are provided by taking connected sums of the above, as outlined in [8]; however, the resulting tangent bundles are rarely complex. As we now explain, the best we can generally expect is a complex structure on the stable tangent bundle.

3. Stably complex structure

In order to describe our stably complex structures with appropriate precision, we need to assign a collection of orientations to each toric manifold. Davis and Januszkiewicz [8] sometimes incorporate equivalent information into their notion of characteristic map, but they do so implicitly, and without considering the dependence of the resulting structures on their choice.

Given any toric manifold (M^{2n}, α, π, P^n) and any facet F of P^n, the action of T (F ) allows us to interpret the 2-plane bundle ν(F ) as a complex line bundle. Two complex structures are possible, which differ by conjugation and correspond to opposite orientations. An omniorientation of (M^{2n}, α, π, P^n) consists of a choice of such orientation for every facet F ; there are therefore 2^m omniorientations in all, each of which is preserved by α because T^n is connected. By transversality, an omniorientation determines an orientation (and also a complex structure) for ν(G), given any face G of P^n.

By analogy, we refer to a characteristic pair (P^n, λ) as directed if the circle λ(F ) is oriented for every facet F of P^n. We may then replace the lattice map λ by an epimorphism ℓ: T^F → T^n, which encodes each of the isomorphisms T → T (F ) determined by the orientation of the latter. We label ℓ a directed characteristic map, or dicharacteristic, and write (P^n, ℓ) for a directed characteristic pair; each λ is represented by 2^m distinct dicharacteristics.

The complex structures implicit in [8] need careful interpretation precisely because λ is used there to denote both characteristic and dicharacteristic maps.

The characteristic pair of an omnioriented toric manifold is obviously directed, and the toric manifold derived from a directed characteristic pair is omnioriented. For any automorphism θ of T^n, we insist that a θ-equivariant diffeomorphism between omnioriented toric manifolds should respect each of the 2^m facial orientations; correspondingly, a θ-translation of directed pairs must satisfy ℓ_2 = θ · ℓ_1. In this context, the following extension of Proposition 2.6 is immediate.

Proposition 3.1. The assignment of directed characteristic pairs defines a bijection between equivalence classes of θ-equivariant diffeomorphisms of omnioriented toric manifolds, and θ-translations of pairs (P^n, ℓ).

Transversality ensures that an omniorientation of M^{2n} restricts to an omniorientation of any facial submanifold X(G)^{2(n−k)}. If the former corresponds to the dicharacteristic ℓ under Proposition 3.1, the latter corresponds to its restriction

ℓ_{X(G)} : T^{F(G)} → T^⊤(G)

(3.2) under the partition (2.1) of F(P ).

For each omniorientation of (M^{2n}, α, π, P^n) we now construct the induced complex structures on M^{2n}. We focus initially on the base polyhedron, which we assume to be defined in R^n for convenience.

We recall the presentation of P^n as a matrix inequality, and interpret the H × n matrix A_P as a linear transformation A_P : R^n → R^F. We abbreviate the n-dimensional image A_P (R^n) to V_P , and write V^⊥_P for its (m − n)-dimensional orthogonal complement in R^F (with respect to the standard inner product). Since the points of P^n are specified by the constraint A_P x ≥ b, it follows that the intersection of the affine subspace V_P −b with the positive cone R^F_⩾ is a copy of P^n; it is embedded in R^F as the space of functions {d(p, ) : F → R_⩾}, where d(p, F ) is the euclidean distance between p and the hyperplane defining F for each p ∈ P^n and each facet F . We refer to this embedding as d_F . We sometimes identify P^n with its image d_F (P^n), which actually lies in the subspace

W^R(P ) = {f : F → R_⩾ such that f^{−1}(0) ∈ L_F (P )}

(3.3)

of R^F_⩾ .

For any subset G ⊆ F of facets, we may realise R^G as a subspace of R^F by choosing F -coordinates to be 0 for all F in F \ G. Thus W^R(P ) consists of the union of open cones ⋃ R^{CG}_> , where C_G denotes the complement of F_G in F, and G ranges over L_F (P ); the union is topologised by embedding the cones in R^F_⩾ in the obvious fashion, so that the interior of G is embedded in R^{CG}_> for each face G. Clearly W^R(P ) is a noncompact m-dimensional manifold with corners, and never contains the zero vector.

The open cone R^F_> is an abelian topological group under coordinatewise multiplication ∗. It decomposes as exp(V^⊥_P ) × exp(V_P ) by exponentiating the additive splitting of R^F as V^⊥_P ⊕V_P . The group exp(V^⊥_P ) therefore acts smoothly on R^F_> by ∗, with quotient space exp(V_P ). This action restricts to each embedded cone R^G_>, and extends to R^G_⩾ and W^R(P ).

Proposition 3.4. As manifold with corners, W^R(P ) is canonically diffeomorphic to the cartesian product P^n × exp(V^⊥_P ).

Proof. Given p ∈ P^n and a ∈ V^⊥_P , we consider tangents to the orbit exp(V^⊥_P )∗p at exp(a) ∗ p. One such has direction vector a ∗ exp(a) ∗ p, whose inner product with a is given by ∑ F a^2_F exp(a_F )p_F . Since this quantity is strictly positive the orbit meets P^n only at p, (and the intersection is transverse). On the other hand, given any point x in the open cone R^{CG}_> , the orbit exp(V^⊥_P ) ∗ x meets P^n in an interior point of G, for each face G; this follows by taking logarithms and considering the decomposition of R^G into V^⊥_G ⊕V_G. The required diffeomorphism is therefore given by the map (p, exp(a)) → exp(a) ∗ p.

Corollary 3.5. The embedding of P^n in R^F_⩾ as manifolds with corners has trivial normal bundle; each choice of basis for V^⊥_P provides a framing.

Proof. Since exponentiation is a diffeomorphism, W^R(P ) is a tubular neighbourhood of the embedding; each choice of basis for V^⊥_P therefore trivialises the normal bundle.

We consider the identification space (T^F × W^R(P ))/≈, denoted by W (P ), as a complexified form of the tubular neighbourhood. Such a space has also been introduced by Buchstaber and Panov [3], as an extension of a construction for toric varieties [2], [7]. By (3.3), W (P ) embeds in C^F as the space of complex valued functions whose zero-set is F_G for some face G of P^n. The multiplicative group (C_× )^F of vectors with nonzero coordinates acts on C^F by ∗, and the subgroups T^F and exp(V^⊥_P ) restrict to W (P ) by construction.

We now turn to the omniorientation of (M^{2n}, α, π, P^n), and write K(ℓ) for the kernel of the dicharacteristic; it is an (m − n)-dimensional subtorus of T^F , and therefore also acts on W (P ) by ∗. The quotient of T^F by K(ℓ) is, by definition, the original torus T^n, from which we deduce that the projection

(T^F × W^R(P ))/ ≈ −→ (T^n × P^n)/ ∼

(3.6)

displays W (P ) as a smooth, principal K(ℓ) × exp(V^⊥_P )-bundle over the derived form M^{2n}_• . We abbreviate K(ℓ) × exp(V^⊥_P ) to H(ℓ); since it is a subgroup of (C_× )^F , the embedding of W (P ) in C^F is H(ℓ)-equivariant.

The tangent bundle of W (P ) inherits a natural complex structure from that of (C_× )^F , and its quotient by the action of H(ℓ) provides our stably complex structure on M^{2n}. The details, however, need care; they involve extending Sczarba’s analysis of [22] to (3.6), circumventing his restriction to compact fibres. We obtain a canonical isomorphism

τ(M^{2n}_• ) ⊕ τ^‖ ∼= σ(F)

(3.7)

of real 2m-plane bundles, where τ^‖ is the quotient of the tangents along the fibres by H(ℓ), and σ(F) is the C^F -bundle associated to (3.6). We equip each of these bundles with the standard inner product, and insist that H(ℓ) acts on the fibres C^F by projection onto its maximal compact subgroup K(ℓ). Of course σ(F) is isomorphic to the m-fold sum of complex line bundles ⊕_F σ(F ), where σ(F ) has total space W (P ) ×_{H(ℓ)} C^F .

Theorem 3.8. An omniorientation of a toric manifold induces a stably complex structure on the derived form; it is defined uniquely up to homotopy.

Proof. Following (3.7), we must identify τ^‖ with R^{2(m−n)}. Any choice of basis for the Lie algebra of H(ℓ) will have this effect; since the space of bases has two connected components, it actually suffices to give an orientation. But H(ℓ) is the kernel of an epimorphism C^F_× → T^n × exp(V_P ) and C^F is canonically oriented, so it remains to orient the domain; since the latter is isomorphic to (C_× )^n, we may simply apply the standard orientation of T^n. The resulting isomorphism

τ(M^{2n}_• ) ⊕ R^{2(m−n)} ∼= σ(F)

(3.9)

provides the structure we seek.

If we use the opposite orientation for T^n, and hence for T^n × exp(V_P ), we obtain a second stably complex structure. This is compatible with the opposite orientation on M^{2n}_• , and its complex cobordism class is the negative of that represented by (3.9). We emphasise that the isomorphism (3.9) does not depend on any ordering of F.

Theorem 3.8 gives a global description for any toric manifold, with its induced complex structure, as the quotient of a complex space; given a nonsingular toric variety [7], it yields the stabilisation of the underlying complex structure.

To continue our investigation of induced complex structures, we need a technical lemma. It considers directed characteristic pairs (P^n_1 , ℓ_1) and (P^n_2 , ℓ_2), with omnioriented derived forms M^{2n}_1 and M^{2n}_2 respectively, and assumes given closed halfspaces H_1 and H_2 in R^n, and a diffeomorphism f : P^n_1 \H_1 → P^n_2 \H_2 as manifolds with corners. We abbreviate P^n_1 \ H_1 to O^n, and write C_1 and C_2 for the sets of facets contained in H_1 and H_2 respectively. We partition F_1 as E ∪ C_1 and F_2 as E ∪ C_2, where E consists of those facets which intersect O^n; we use f to identify E with the set of facets intersecting f(O^n).

Lemma 3.10. If f preserves dicharacteristics on E, it lifts to a an equivariant diffeomorphism

f^+ : (T^n × O^n)/∼ −→ (T^n × f(O^n))/∼ ;

f^+ respects the stably complex structures obtained by restriction from those induced on M^{2n}_1 and M^{2n}_2 by their respective omniorientations.

Proof. The existence of f^+ is assured by the fact that ℓ_1 and ℓ_2 agree on E; we write their common restriction as ℓ.

Our data implies that d_{F1} (O^n) maps diffeomorphically onto d_E (O^n) under the projection of R^{F1} onto R^E, so that exp(V^⊥_{P1} ) is isomorphic to exp(V^⊥_O )×R^{C1}_> in R^E_⩾×R^{C1}_⩾ . Since W^R(P_1)|_O is given by exp(V^⊥_{P1} )∗O^n in R^{F1}_⩾ , it is equivariantly diffeomorphic to exp(V^⊥_O ) ∗ O^n × R^{C1}_> with respect to the splitting of exp(V^⊥_{P1} ); we write W^R(O) for the subspace exp(V^⊥_O )∗O^n ⊂ R^E_⩾. We also note that K(ℓ_1) splits as K(ℓ) × T^{C1} . The stably complex structure on (T^n × O^n)/∼ given by factoring out the action of H(ℓ_1) on W (P )|_O therefore differs from that given by factoring out the action of H(ℓ) on W (O) only by the trivial summand C^{C1} , so that we may consider the latter as obtained from M^{2n}_1 by restriction. Similar remarks apply to (T^n × f(O^n))/∼ and M^{2n}_2 .

To show that f^+ respects the restricted complex structures, we then choose an isomorphism exp(V^⊥_O ) → exp(V^⊥_{f (O)}); this immediately extends to an equivariant diffeomorphism W^R(O) → W^R(f(O)), and therefore to an equivariant diffeomorphism W (O) → W (f(O)) which preserves the action of T^E . The differential of the second diffeomorphism is complex linear, and reduces to df^+ on the quotient tangent bundles, as required.

Our first corollary to Lemma 3.10 deals with the reliance of Theorem 3.8 on the hyperplanes defining P^n, in apparent contradiction to the fact that an omniorientation of M^{2n} involves only the action α.

Corollary 3.11. Given a common omniorientation for (M^{2n}, α, π_1, P^n_1 ) and (M^{2n}, α, π_2, P^n_2 ), the derived forms are equivariantly diffeomorphic; the induced stably complex structure therefore depends only on the combinatorial type of the base polyhedron.

Proof. The data yields a diffeomorphism f : P^n_1 → P^n_2 , with f · π_1 = π_2; we then apply Lemma 3.10 to f with O^n = P^n_1 , and to f^{−1} with O^n = P^n_2 .

Our second application relates two stably complex structures which are naturally prescribed on X(G)^{2(n−k)}_• by Theorem 3.8, for any codimension k face G. One is induced by the restricted omniorientation associated with the dicharacteristic ℓ_{X(G)} of (3.2); the other is the restriction to X(G)^{2(n−k)}_• of the structure induced on M^{2n}_• , using the complex structure given on ν(G) by the omniorientation.

We confirm that these are equivalent in Theorem 3.13. The proof involves an auxiliary polyhedron R^n, which is defined by expressing G^{n−k} as an intersection of halfspaces in R^{n−k} and taking products with R^{FG}_⩾ ; the result is a simple npolyhedron in R^{n−k}×R^{FG}, whose facets F(R) may be partitioned as F(G)∪F_G. Then we have

d_{F(R)}(R^n) = d_{F(G)}(G^{n−k} ) × R^{FG}_⩾ in R^{F(R)}_⩾ .

(3.12)

The restriction of ℓ to F(R) agrees with ℓ_{X(G)} on F(G) and defines an omnioriented toric manifold L^{2n} over R^n. We invest L^{2n} with the induced stably complex structure, and note that X(G)^{2(n−k)}_• is a facial submanifold, to which the omniorientations of M^{2n}_• and L^{2n} have common restriction.

Theorem 3.13. The two stably complex structures on X(G)^{2(n−k)}_• are homotopic; that is, restriction and induction commute for M^{2n}_• .

Proof. Considering G as a face of R^n, we note that W^R(R) = W^R(G) × R^{FG}_⩾ in R^{F(R)}_⩾ , that K(ℓ_L) = K(ℓ_{X(G)•} ) × 1 in T^{F(G)} × T^{FG} , and that V^⊥_R = V^⊥_G × 0 in R^{F(G)} × R^{FG} by (3.12). Thus W (R) = W (G) × C^{FG} , and H(ℓ_L) acts as H(ℓ_{X(G)•} ) × 1. It follows that the normal bundle ν of X(G)^{2(n−k)}_• in L^{2n} has total space W (G) ×_{H(ℓL)} C^{FG} , and therefore that restriction and induction commute for L^{2n}.

Considering G as a face of P^n, we may no longer appeal to (3.12). Instead, we apply Lemma 3.10 with P^n_1 = R^n and P^n_2 = P^n; we let H_2 have complement an open tubular neighbourhood N(G) of G, and f : R^n → N(G) be any diffeomorphism extending the identity on G. The Lemma provides an equivariant diffeomorphism f^+ between L^{2n} and an open tubular neighbourhood of X(G)^{2(n−k)} • in M^{2n}_• . By construction, f^+ is compatible with the stable complex structures induced by ℓ_L and ℓ respectively, and defines an isomorphism between ν and the normal bundle ν_•(G) of X(G)^{2(n−k)}_• in M^{2n}_• . This isomorphism is well-defined up to homotopy, and therefore confirms that restriction and induction commute for M^{2n}_• .

Before pulling our constructions back to M^{2n} we consider how the bundles σ(F ) restrict to X(G)^{2(n−k)}_• , for any facet F and any face G of codimension k.

Proposition 3.14. For any facet D disjoint from G, the restriction σ(D)|_{X(G)•} is trivial; on the other hand, σ(F_G)|_{X(G)•} is isomorphic to ν_•(G).

Proof. The first statement follows from the proof of Lemma 3.10 by choosing P^n_1 = P^n, and letting O^n be a tubular neighbourhood of G; then D lies in C_1, and σ(D)|_{X(G)•} is the corresponding coordinate line bundle in the trivial summand C^{C1} . For the second statement, we note that the proof of Theorem 3.13 identifies the total space of ν_•(G) with W (P )|_{X(G)•} ×_{H(ℓ)} C^{FG} .

Proposition 3.14 leads to an alternative description of (S^{−1})^∗σ(F ), which simplifies subsequent calculations in cobordism theory. We express the orientation of ν(F ) as an integral Thom class in the cohomology group H^2(M(ν(F ))), represented by a complex line bundle over the Thom complex M(ν(F )). We pull this back along the Pontryagin-Thom collapse M^{2n} → M(ν(F )), and label the resulting bundle ρ(F ).

Lemma 3.15. The line bundles σ(F ) and S^∗ρ(F ) are isomorphic over M^{2n}_• .

Proof. Since S restricts to a preferred section for X(F )^{2(n−1)}, so S^{−1} pulls ν_•(F ) back to ν(F ). From Proposition 3.14, we deduce that (S^{−1})^∗σ(F ) is isomorphic to ν(F ) over X(F )^{2(n−1)}, and is trivial over the complement. But these properties characterise ρ(F ).

We refer to the ρ(F ) as the facial bundles of M^{2n}, to distinguish them from the canonical line bundles L_F of algebraic geometry, defined when M^{2n} is also a toric variety. In fact ρ(F ) and L_F are either isomorphic or complex conjugate.

Theorem 3.16. An omniorientation of a toric manifold (M^{2n}, α, π, P^n) induces a canonical stably complex structure on M^{2n}, which is preserved by the action α; for each facial submanifold X(G)^{2(n−k)}, the restriction of this structure is homotopic to that induced by the restricted omniorientation.

Proof. Pulling (3.9) back along S^{−1} yields the complex structure on M^{2n}, which Lemma 3.15 converts to an isomorphism τ(M^{2n}) ⊕ R^{2(m−n)} ∼= ρ(F). Different choices of preferred section s yield homotopic isomorphisms, and therefore homotopic stably complex structures, because the corresponding diffeomorphisms S are isotopic. By Proposition 3.14, the complex structure on ν(G) is given by an isomorphism ν(G) ∼= ρ(F_G), which is defined uniquely up to homotopy. The structures restrict to X(G)^{2(n−k)} as claimed, by appeal to Theorem 3.13.

Theorem 3.16 allows us to compute the complex bordism and cobordism of an arbitrary toric manifold, as explained in Section 5 below. It also shows that any choice of omniorientation leads to an equivariant complex cobordism class, as defined, for example, in Comezaña [6]. Equivariant complex cobordism is currently under active development, and we expect the rôle played by toric manifolds to be clarified in future work.

4. Examples

We consolidate our results by returning to the examples of Section 2. It is convenient to follow Davis and Januszkiewicz by simplifying the dicharacteristic to a function which assigns to each facet F of P^n a primitive vector ℓ(F ) in Z^n; this is obtained by applying the induced map dℓ of Lie algebras to the positively oriented unit tangent vector of T^F .

Example 4.1. For CP^n as in Example 2.7, we note that W^R(Δ^n) is R^{n+1}_⩾ \ 0, and therefore that W (Δ^n) is isomorphic to C^{n+1} \ 0, by ordering the facets of Δ^n as in (2.2). The dicharacteristic chosen by Davis and Januszkiewicz, albeit implicitly, is

ℓ^′(D_r) = { (0, . . ., 0, 1, 0, . . ., 0) for 1 ≤ r ≤ n (1, 1, . . ., 1) for r = n + 1,

(4.2)

so that K(ℓ^′) is the subcircle {(t, . . ., t, t^{−1})} of T^{n+1}. Since the normal vector to Δ^n in R^{n+1}_⩾ is (1, . . ., 1, n^{1/2}), the action of H(ℓ^′) on W (Δ^n) is equivariantly diffeomorphic to that of C_× on C^{n+1} \ 0 by x · (z_1, . . ., z_n, z_{n+1}) = (xz_1, . . ., xz_n, xz_{n+1}). The composition of S with the projection (3.6) maps (z_1, . . ., z_n, z_{n+1}) to the line [z_1, . . ., z_n, z_{n+1}], ensuring that the facial bundles ρ(D_r) are given by ζ(n) for 1 ≤ r ≤ n, and ζ(n) for r = n + 1. The omniorientation corresponding to (4.2) induces a stably complex structure τ(CP^n) ⊕ R^2 ∼= n ζ(n) ⊕ ζ(n).

A second dicharacteristic ℓ arises by setting ℓ(D_{n+1}) = (−1, −1, . . ., −1); the corresponding omniorientation induces τ(CP^n) ⊕ C^1 ∼= (n + 1)ζ(n), which stabilises the structure of CP^n considered as an algebraic variety. Both ℓ and ℓ^′ represent the characteristic map of Example 2.7. When n = 1, the structure induced by ℓ represents a generator of Ω^U_2 , whereas that induced by ℓ^′ extends over the 3-disk, and represents zero.

Example 4.3. For B_n as in Example 2.8, we note that W^R(I^n) is (R^{{0,1}}_⩾ \0)^n, and therefore that W (I^n) is isomorphic to (C^2 \ 0)^n. The characteristic map of Example 2.8 is represented by the dicharacteristic

ℓ(C^ϵ_r) = { (0, . . ., 0, −1, 0, . . ., 0) if ϵ = 0 (−1, . . ., −1, 0, . . ., 0) if ϵ = 1, (4.4)

for all 1 ≤ r ≤ n (where the nonzero elements are in positions r and 1, . . ., r respectively). Thus K(ℓ) is the n-dimensional subtorus {(t_1, t^{−1}_1 t_2, . . ., t_r, t^{−1}_r t_{r+1}, . . ., t_{n−1}, t^{−1}_{n−1}t_n, t_n, t^{−1}_n )} of T^{2n}. Since the normal space to I^n in R^{2n}_⩾ is spanned by the n vectors (0, . . ., 0, 1, 1, 0, . . ., 0) (nonzero only in positions 2r and 2r + 1), the action of H(ℓ) on W (I^n) is equivariantly diffeomorphic to that of (C_× )^n on (C^2 \ 0)^n by

(x_1, . . ., x_n) · (z_1, w_1, . . ., z_n, w_n) = (x_1z_1, x_1x_2w_1, . . ., x_nz_n, x_nw_n).

The composition of S with the projection (3.6) maps (z_1, w_1, . . ., z_n, w_n) to the bounded flag for which L_r is spanned by the unit vector l_r, given by z_rw_r . . . w_ne_r + λl_{r+1} (where e_r is the rth basis vector, λ is the normalising factor, and l_{n+1} = e_{n+1}), for each 1 ≤ r ≤ n + 1. Since H(ℓ) acts on C^{C 0r} by multiplication by x_r, and on C^{C1r} by multiplication by x_rx_{r+1}, the associated facial bundles ρ(C^0_r ) and ρ(C^1_r ) are given by γ_r(n) and ρ_r(n) respectively. The omniorientation corresponding to (4.4) therefore induces a stably complex structure τ(B_n) ⊕ R^{2n} ∼= ⊕^n_{r=1}(γ_r(n) ⊕ ρ_r(n)). When combined with the canonical trivialisation of γ_1(n) ⊕^n_{r=1} ρ_r(n), this reduces to the bounding structure of Example 2.8.

Example 4.5. For B_{i,j} as in Example 2.9, we note that W (I^i×Δ^{j−1}) is isomorphic to (C^2 \ 0)^i × C^j \ 0. The characteristic map of Example 2.9 is represented by the dicharacteristic

ℓ(E^ϵ_r) = { (0, . . ., 0, −1, 0, . . ., 0, 1, 0, . . ., 0) if ϵ = 0 (−1, . . ., −1, −1, 0, . . ., 0, 1, . . ., 1, 0, . . ., 0) if ϵ = 1 (4.6)

for all 1 ≤ r ≤ n (where the nonzero elements are in positions r and i + r, and 1, . . ., r and i + 1, . . ., i + r − 1 respectively), and

ℓ(E_s) = { (0, . . ., 0, 1, 0, . . ., 0) for 1 ≤ s ≤ j − 1 (0, . . ., 0, −1, . . ., −1) for s = j (where the nonzero elements are in positions i + s and i + 1, . . ., i + j − 1 respectively). Thus K(ℓ) is the (i + 1)-dimensional subtorus {(t_1, t^{−1}_1 t_2, . . ., t_{i−1}, t^{−1}_{i−1}t_i, t_i, t^{−1}_i , t^{−1}_1 t_2t, . . ., t^{−1}_{i−1}t_it, t^{−1}_i t, t, . . ., t)} of T^{2i+j} . Combining Examples 4.1 and 4.3, we deduce that the associated facial bundles ρ(E^0_r ) and ρ(E^1_r ) are given by γ_r(i) and ρ_r(i) ⊗ ζ respectively, for each 1 ≤ r ≤ i, and that ρ(E_s) is given by ζ for each 1 ≤ s ≤ j. The omniorientation corresponding to (4.6) therefore induces a stably complex structure

τ(B_{i,j}) ⊕ R^{2(i+1)} ∼= ⊕^i_{r=1} ( γ_r(i) ⊕ (ρ_r(i) ⊗ ζ) ) ⊕ jζ . Adding γ_1(i) ⊗ ζ to both sides and applying the canonical trivialisation of γ_1(i) ⊕^i_{r=1} ρ_r(i), we obtain the stably complex structure of Example 2.9 and [5].

We also wish to consider products of these examples, and find it equally convenient to discuss the general case. We assume given omnioriented toric manifolds (M^{2n}, α, π, P^n) and (N^{2n}, β, μ, Q^n), with corrresponding dicharacteristic maps ℓ_M and ℓ_N . The facets of P^n × Q^n are of the form E × Q^n and P^n × F , where E and F range over F(P ) and F(Q) respectively, so we may define a product dicharacteristic ℓ_{M ×N} : F(P × Q) → T^n × T^n by assigning values ℓ_M (E) × 1 to E × Q^n and 1 × ℓ_N (F ) to P^n × F . This corresponds to the product omniorientation of (M^{2n} × N^{2n}, α × β, π × μ, P^n × Q^n).

Proposition 4.7. The stably complex structure induced on M^{2n} × N^{2n} by the product omniorientation is homotopic to the product of the structures induced by the omniorientations of M^{2n} and N^{2n}.

Proof. By definition, there is a canonical diffeomorphism between W (P ×Q) and W (P ) × W (Q), and a canonical isomorphism between H(ℓ_{M ×N} ) and H(ℓ_M ) × H(ℓ_N ) which preserves their respective actions on C^{F(P )⊔F(Q)} and C^{F (P )} × C^{F(Q)} . We obtain a diffeomorphism (M^{2n} ×N^{2n})_• → M^{2n}_• ×N^{2n}_• which repects the induced stably complex structures, and the result therefore follows by pullback along inverse preferred sections, as in Theorem 3.16.

In [5], we showed that the B_{i,j} are multiplicative generators for the complex cobordism ring Ω^U_∗ when invested with the stably complex structure of Example 4.5. So every 2n-dimensional complex cobordism class may be represented by a disjoint union of products B_{i(1),j(1)} × B_{i(2),j(2)} × · · · × B_{i(t),j(t)}, (4.8)

where ∑_t k=1(i(k) + j(k)) − 2t = n. Each such component is a toric manifold with the product toric structure. This result is the substance of [5] and may now be enriched by combining Example 4.5 with Proposition 4.7 to confirm that the stably complex structures in question are induced by omniorientations, and are therefore also preserved by the torus action.

To give genuinely toric representatives (which are, by definition, connected) for each cobordism class of dimension > 2, it remains only to replace the disjoint union of products (4.8) with their connected sum. This we do in Section 6 below.

5. Cobordism calculations

We now outline certain consequences of the results of Section 3. Our aim is to adapt Davis and Januszkiewicz’s programme for computing the integral homology and cohomology of a compact toric manifold (M^{2n}, α, π, P^n), so as to apply directly to the complex bordism groups Ω^U_∗ (M^{2n}) and the complex cobordism ring Ω^∗_U (M^{2n}). As always, we work with a fixed omniorientation. We begin by summarising a few prerequisites concerning the bordism and cobodism groups of a CW complex X of finite type. These may be found, for example, in the books of Stong [19] and Switzer [21].

When the cells of X lie only in even dimensions the Atiyah-Hirzebruch spectral sequence collapses, and confirms that generators for the free Ω^U_∗ -module Ω^U_∗ (X) are given by the bordism classes of any set of singular, stably complex manifolds whose top cells correspond to the cells of X. The groups Ω^∗_U (X) are then the Hom_ΩU_∗ -duals; when X is itself a stably complex manifold, the multiplicative structure of Ω^∗_U (X) may be extracted from the intersection theory of the generating set by Poincaré duality.

With these considerations in mind, we follow the opening gambit of [8] by constructing a cell decomposition for M^{2n}. This depends on choosing a generic direction in the ambient R^n, and so determining an orientation for each edge of the 1-skeleton of the polytope P^n; the 1-skeleton becomes a directed graph Di(P ). Any vertex v has indegree m(v) and outdegree n − m(v) for some integer 0 ≤ m(v) ≤ n, and the m(v) inward edges define an m(v)-dimensional face G_v of P^n. We write ^G_v for the subspace obtained by deleting all faces of G_v disjoint from v, which is therefore diffeomorphic to R^{m(v)}_⩾ , and write e_v ⊂ M^{2n} for the subspace π^{−1}( ^G_v). Since e_v may be identified with C^{m(v)} it is a 2m(v)- dimensional cell, and lies within the open set U_v of Section 2; in fact e_v and U_v coincide precisely when v is the sink of Di(P^n), in which case e_v has dimension 2n. The resulting decomposition of M^{2n} has one cell for each vertex of P^n, and all the cells are even dimensional. The closure of e_v is the facial submanifold X(G_v)^{2m(v)}, which inherits the stably complex structure of Theorem 3.16.

Proposition 5.1. The Ω^U_∗ -module Ω^U_∗ (M^{2n}) is generated by the inclusions of the facial submanifolds X(G)^{2(n−k)}; none of these is null-cobordant, but they are subject to nontrivial linear relations.

Proof. The first statement follows from our introductory remarks, in view of the cell decomposition defined above. Since there are m submanifolds X(F )^{2(n−1)}, but only m − n two-cells in the decomposition, Poincaré duality shows that there are n linear relations amongst the cobordism classes of the inclusions.

Proposition 5.1 highlights the remarkable fact that Ω^U_∗ (M^{2n}) is spanned by embedded submanifolds, each of which is equipped with the restricted stably complex structure and is itself a toric manifold.

The omniorientation determines m cobordism Chern classes c_1(ρ(F )), each lying in Ω^2_U (M^{2n}) and Poincaré dual to the inclusion X(F )^{2(n−1)} ⊂ M^{2n} by construction of ρ(F ). By transversality, any product c_1(ρ(F_1)) · · ·c_1(ρ(F_k)) is Poincaré dual to the inclusion of the facial submanifold X(F_1 ∩ · · · ∩ F_k ); if the intersection of the facets is empty, the bordism and cobordism classes vanish together. So the lattice L_X (M^{2n}) maps into both Ω^U_∗ (M^{2n}) and Ω^∗_U (M^{2n}).

We deduce that the Ω^U_∗ -algebra Ω^∗_U (M^{2n}) is generated by the Chern classes c_1(ρ(F )), and is specified multiplicatively by the ideal of relations amongst them. To compute this ideal, we recall Davis and Januszkiewicz’s space BP^n, which depends only on the polytope P^n; all its cells are in even dimensions, and the description of its cohomology extends immediately to complex cobordism. Thus Ω^∗_U (BP^n) is isomorphic to the Stanley-Reisner Ω^U_∗ -algebra of P^n, which is the quotient of the polynomial algebra Ω^U_∗ [x_F : F ∈ F] by a certain ideal I, generated by those squarefree monomials ∏ E x_F = x_E for which ∩_E F is empty.

Since BP^n is homotopy equivalent to the Borel construction ET^n ×_T n M^{2n}, there is a fibration

T^n → M^{2n j}−→ BP^n,

(5.2)

classified by a map l : BP^n → BT^n. The map j pulls each cobordism class x_F back to the Chern class c_1(ρ(F )), whilst l pulls the ith Chern class c_1 back to some element λ_i, both in cohomology and complex cobordism, for 1 ≤ i ≤ n. Considered as a homomorphism on 2-dimensional generators, we may identify l^∗ : Z^n → Z^F with the dual of the dicharacteristic of (M^{2n}, α, π, P^n); in this setting we abuse notation by interpreting λ_i as an element of the polynomial algebra Ω^∗_U [x_F : F ∈ F].

We then compare the Serre spectral sequence

H^∗(BP^n; Ω^∗_U (T^n)) =⇒ Ω^∗_U (M^{2n})

of (5.2) with the corresponding spectral sequence for the universal principal fibration, which pulls back to the former along l. The only differential is d_2, which annihilates all products of one dimensional elements. We deduce the following result, to be compared with the Danilov-Jurkiewicz Theorem [8] describing the integral cohomology of toric varieties.

Proposition 5.3. Given any omnioriented toric manifold (M^{2n}, α, π, P^n), the cobordism ring Ω^∗_U (M^{2n}) is isomorphic to

Ω^∗_U [x_F : F ∈ F] / (I + J),

where J denotes the homogeneous ideal generated by the λ_i, and the elements x_F depend on the omniorientation.

In Proposition 5.3, each x_F corresponds to the Chern class c_1(ρ(F )). Reversing the facial orientation of a single X(F )^{2(n−1)} therefore applies the inverse of the universal formal group law to x_F . This is linked by Poincaré duality to the effect on bordism theory, which manifests itself in a change of stably complex structure on M^{2n}, and on those submanifolds X(G)^{2(n−1)} for which F meets G. The manifolds themselves remain unaltered.

In the case of bounded flag manifolds, we obtained a result equivalent to Proposition 5.3 in [4]. We did not, however, specify an omniorientation there, but worked instead with the stably complex structure of Example 2.8.

6. Connected sums

In order to construct connected sums of omnioriented compact toric manifolds, we introduce an operation of connected sum for simple polytopes equipped with extra combinatorial data. We work in dimensions ≥ 2, and deal separately with the degenerate case n = 1 at the end. Wherever practicable we write m(P ) for the number of facets of P^n and q(P ) for the number of vertices.

Before we begin we introduce a polyhedral template Γ^n, which is the intersection of n halfspaces in R^n. Strictly speaking, it fails to qualify as a simple n-polyhedron because n < n + 1, but no contradiction arises from retaining the associated terminology, and we do so for convenience. We embed the standard (n−1)-simplex Δ^{n−1} in the subspace {x : x_1 = 0} of R^{n−1}, and construct Γ^n by taking cartesian products with the first coordinate axis. Its facets G_r therefore have the form R× D_r, for 1 ≤ r ≤ n. Both Γ^n and G_r are divided into positive and negative halves, determined by the sign of the coordinate x_1.

Given simple polytopes P^n and Q^n in R^n, we assume that respective vertices v and w are distinguished. In addition, we order the facets of P^n meeting in v as E_r, and the facets of Q^n meeting in w as F_r, for 1 ≤ r ≤ n. Recalling the notation of Section 3, we write C_v and C_w for the complementary sets of facets; those in C_v avoid v, and those in C_w avoid w. Their cardinalities are m(P ) − n and m(Q) − n respectively.

We now select a projective transformation ϕ_P which maps v to x_1 = +∞, and embeds P^n in Γ^n so as to satisfy two conditions; firstly, that the hyperplane defining E_r is identified with the hyperplane defining G_r, for each 1 ≤ r ≤ n, and secondly, that the images of the hyperplanes defining C_v meet Γ^n in its negative half. This may be achieved, for example, by considering the composition T · ϕ^′_P , where ϕ^′_P is an affine equivalence mapping v and its vertex figure to (1, 0, . . ., 0) and Δ^n respectively, and T is defined by T (x) = x/(1 − x_1). We choose ϕ_Q similarly; it maps w to x_1 = −∞, and identifies the hyperplanes defining F_r and G_r in such a way that the images of the hyperplanes defining C_w meet Γ^n in its positive half. We define the connected sum P^n #_{v,w} Q^n of P^n at v and Q^n at w to be the simple convex n-polytope determined by all these hyperplanes. It is defined only up to combinatorial equivalence; moreover, different choices for either of v and w, or either of the orderings for E_r and F_r, are likely to affect the combinatorial type. When the choices are clear, or their effect on the result irrelevant, we use the abbreviation P^n # Q^n.

The face lattice L_F (P # Q) is obtained from L_F (P ) ∪ L_F (Q) by identifying E_r with F_r for 1 ≤ r ≤ n; we write the result as G_r, and partition the facets as F(P # Q) = C_v ∪ {G_r : 1 ≤ r ≤ n} ∪ C_w. (6.1)

The vertices of P^n # Q^n are the union of those of P^n and Q^n, omitting v and w. Thus m(P # Q) = m(P ) + m(Q) − n, and q(P # Q) = q(P ) + q(Q) − 2.

By way of illustration, we consider the connected sum Δ^n #_{v,w} Q^n, noting that the symmetry of the simplex guarantees that the result is independent of the choice of v. We take v to be 0, so that C_v = {D_{n+1}}, and assume that ϕ_Δn identifies D_r with G_r, for each 1 ≤ r ≤ n. So ϕ_Δn (Δ^n) consists of Γ^n, truncated in its negative half by a single hyperplane H corresponding to the image of D_{n+1}. Applying ϕ^{−1}_Q , we deduce that the connected sum is combinatorially equivalent to the polytope obtained from Q^n by including an extra hyperplane in the defining set. Such an H must isolate w, but no other vertex, and we interpret its inclusion as pruning Q^n at w. We write

Δ^n #_{v,w} Q^n ≡ Π_w (Q^n),

(6.2)

where Π_w denotes the appropriate pruning operator.

In order to generalise this example to products of simplices, we need a pruning operator Π_F for each face F of Q^n; it is defined in the obvious fashion, and detaches F from Q^n by any hyperplane which separates the vertices of F from the complementary vertices of Q^n. Such operators obey two simple rules, which lead to Theorem 6.5 below. Firstly, for any product P^m × Q^n and any face E of P^m, there are combinatorial equivalences

Π_E (P^m) × Q^n ≡ Π_{E×Q}(P^m × Q^n) and P^m × Π_F (Q^n) ≡ Π_{P ×F} (P^m × Q^n).

(6.3)

Secondly, for any product of simplices Δ^m × Δ^{n−m} with distinguished vertex v there is a face G of Δ^n, a vertex v^′ not in G, and a combinatorial equivalence Δ^m × Δ^{n−m} ≡ Π_G(Δ^n) (6.4)

which maps v to v^′.

We now turn to arbitrary products Δ^{m1} ×· · ·×Δ^{mk} , where m_1 +· · ·+m_k = n.

Theorem 6.5. Given any simple polytope Q^n, there is a combinatorial equivalence (Δ^{m1} × · · · × Δ^{mk} ) #_{v,w} Q^n ≡ Π_{F1} (. . . (Π_{Fk} (Q^n)) . . .) for some sequence F_i of products of simplices.

Proof. We first extend (6.4) to k-fold products by induction. For k ≥ 3, the inductive hypothesis provides a combinatorial equivalence (Δ^{m1} × · · · × Δ^{mk−1} ) × Δ^{mk} ≡ Π_{G1} (. . . (Π_{Gk−2} (Δ^{n−mk} )) . . .) × Δ^{mk} , where the G_i are products of simplices; iterating (6.3) replaces the right-hand expression by Π_{G1 ×Δ}mk (. . . (Π_{Gk−2×Δ}mk (Δ^{n−mk} × Δ^{mk} )) . . .), and applying (6.4) yields Π_{F1} (. . .(Π_{Fk−1} (Δ^n) . . .), where the F_i are products of simplices as required. As in (6.4), we may ensure that v corresponds to one of the original vertices of Δ^n (for which we retain the label v) under the resulting equivalence.

Our connected sum is therefore combinatorially equivalent to Π_{F1} (. . .(Π_{Fk−1} (Δ^n)) . . .) #_{v,w} Q^n. (6.6)

Since none of the faces F_i contains the vertex v, they may be identified with the corresponding faces of Δ^n #_{v,w} Q^n; in other words, (6.6) is combinatorially equivalent to Π_{F1} (. . .(Π_{Fk−1} (Δ^n #_{v,w} Q^n)) . . .), and the result follows by final appeal to (6.2).

We may now construct the connected sum of omnioriented toric manifolds, assumed henceforth to be compact. Given (M^{2n}, α, π, P^n) with fixed point x projecting to the vertex v of P^n, and (N^{2n}, β, μ, Q^n), with fixed point y projecting to the vertex w of Q^n, we suppose that the associated dicharacteristics are ℓ_M and ℓ_N respectively. We partition the facets of P^n # Q^n as in (6.1).

Lemma 6.7. Up to θ-translation, we may assume that ℓ_M identifies T^{Fr} with the rth coordinate subtorus T_r, for each 1 ≤ r ≤ n.

Proof. Since the subtori T (F_r) generate T^n, we may define an automorphism ψ of T^n by mapping T (F_r) onto T_r, preserving orientation, for each 1 ≤ r ≤ n. We conclude by replacing ℓ_M with ψ ·ℓ_M , and appealing to Proposition 3.1.

Applying Lemma 6.7 to both ℓ_M and ℓ_N allows us to combine them into a dicharacteristic

ℓ_#(F ) = ℓ_M (F ) for F ∈ C_v T_k for F = G_r and 1 ≤ r ≤ n ℓ_N (F ) for F ∈ C_w

(6.8)

on P^n #_{v,w} Q^n.

We then define the equivariant connected sum

(M^{2n} #_{x,y} N^{2n}, α # β, π # μ, P^n #_{v,w} Q^n)

to be the omnioriented toric manifold derived from (6.8). Since P^n #_{v,w} Q^n is determined only up to combinatorial equivalence, we need Corollary 3.11 to ensure that our connected sum is well-defined. Its equivariant diffeomorphism type depends on the choice of fixed points x and y, as well as the orderings of the facets E_r and F_r . Nevertheless, Corollary 6.10 below shows that the properties we require of the induced stably complex structure are suitably invariant.

Theorem 6.9. The manifold M^{2n} #_{x,y} N^{2n} is diffeomorphic to the connected sum of M^{2n} and N^{2n}; furthermore, the diffeomorphism identifies the stably complex structure induced by ℓ_# with the connected sum of those induced on M^{2n} by ℓ_M and on N^{2n} by ℓ_N .

Proof. We consider the halfspace H_ϵ of R^n given by x_1 ≥ ϵ for some small ϵ > 0, and note that its inverse image under the projective transformation ϕ_P is a halfspace H_v, which intersects P^n in a closed neighbourhood N_v of the vertex v. We then apply Lemma 3.10 by choosing P^n_1 = P^n, H_1 = H_v, P^n_2 = P^n #_{v,w} Q^n, and H_2 = H_#; we take f to be ϕ_P : P^n_1 \ N(v) → P^n #_{v,w} Q^n ∩ {x_1 < ϵ}. We obtain an equivariant diffeomorphism ϕ^+_P of M^{2n} \ V_x into M^{2n} #_{x,y} N^{2n} (for some invariant neighbourhood V_x of x), which identifies the restrictions of the stably complex structures induced by ℓ_M and ℓ_# respectively. We then repeat the process for Q^n, using the halfspace x_1 ≤ −ϵ, and obtain a corresponding diffeomorphism ϕ^+_Q. The images of ϕ^+_P and ϕ^+_Q overlap in a collared (2n − 1)- sphere, and the proof is complete.

Corollary 6.10. For any choice of x, y, or orderings of the E_r and F_r , the stably complex structure induced on M^{2n} #_{x,y} N^{2n} is cobordant to the disjoint union of the structures induced on M^{2n} and N^{2n} respectively.

Proof. This is a direct consequence of Theorem 6.9, since the connected sum of any two stably complex structures is cobordant to their disjoint union.

Our main result follows from Corollary 6.10 and Example 4.5.

Theorem 6.11. In dimensions > 2, every complex cobordism class contains a toric manifold, necessarily connected, whose stably complex structure is induced by an omniorientation, and is therefore compatible with the action of the torus.

It follows from (4.8) and Theorem 6.5 that the base polyhedron of any such manifold may be constructed by pruning Δ^n at an appropriate sequence of products of simplices, up to combinatorial equivalence.

Finally, we address the degenerate case n = 1, corresponding to toric manifolds of dimension 2. Any simple polytope of dimension 1 is a 1-simplex, and our definition of connected sum remains valid, yielding Δ^1 #_{v,w} Δ^1_2 = Δ^1. We cannot, however, form the connected sum (6.8) of dicharacteristics, because the facets of Δ^1 are its vertices, and the information contained in ℓ_1(v) and ℓ_2(w) is lost when v and w are deleted. We outline two different approaches to this anomaly, and leave readers to decide on their preference.

We recall that Ω^U_2 is isomorphic to Z, and that the cobordism class corresponding to a nonzero integer n may be represented by CP^1 with stably complex structure τ ⊕ R^2 ∼= ζ(1)^n ⊕ ζ(1)^n. According to Example 2.7, this structure is induced by an omniorientation only if n = ±1. Nevertheless, CP^1 is a toric manifold, and the action of the torus remains compatible with the exotic structure given by other values of n. One option is therefore to assert Theorem 6.11 in this weaker sense when n = 1. Alternatively, we might retain the values ℓ_1(v) and ℓ_2(w) on the connected sum by assigning the information to the 1-simplex (as opposed to its vertices). A second option is therefore to extend the notion of dicharacteristic when n = 1, so that Theorem 6.11 holds as stated.

References

[1] Anthony Bahri and Martin Bendersky. The KO-theory of toric manifolds. Transactions of the American Mathematical Society, To appear, 2000.

[2] V. V. Batyrev. Quantum cohomology rings of toric varieties. Astérisque, 218:9–34, 1993. [3] Victor M. Buchstaber and Taras E. Panov. Torus actions and combinatorics of polytopes.

Proceedings of the Steklov Mathematical Institute, 225:87–120, 1999.

[4] Victor M. Buchstaber and Nigel Ray. Flag manifolds and the Landweber-Novikov algebra.

Geometry & Topology, http://www.maths.warwick.ac.uk/gt/, 2:79–101, 1998. [5] Victor M. Buchstaber and Nigel Ray. Toric manifolds and complex cobordism. Russian Mathematical Surveys, 53(2):371–373, 1998.

[6] G. Comezaña. Calculations in complex equivariant bordism. In J. Peter May, editor, Equivariant Homotopy and Cohomology Theory, volume 91 of CBMS Regional Conference Series in Mathematics, pages 333–352. American Mathematical Society, 1996.

[7] David A. Cox. Recent developments in toric geometry. In Algebraic Geometry (Proceedings of of the Summer Research Institute, Santa Cruz, 1995), volume 62 of Proceedings of Symposia in Pure Mathematics, pages 389–436. American Mathematical Society, 1997.

[8] Michael W. Davis and Tadeusz Januszkiewicz. Convex polytopes, Coxeter orbifolds and torus actions. Duke Mathematical Journal, 62:417–451, 1991.

[9] Günter Ewald. Combinatorial Convexity and Algebraic Geometry, volume 168 of Graduate Texts in Mathematics. Springer-Verlag, New York, 1996.

[10] William Fulton. Introduction to Toric Varieties, volume 131 of Annals of Mathematics Studies. Princeton University Press, 1993.

[11] Akio Hattori. Almost complex toric manifolds and complex line bundles. In Homotopy and Geometry, volume 45 of Banach Center Publications, pages 95–114. Polish Academy of Sciences, 1998.

[12] Friedrich Hirzebruch. Komplexe mannigfaltigkeiten. In Proceedings of the International Congress of Mathematics 1958, pages 119–136. Cambridge University Press, 1960.

[13] Klaus Jänich. On the classification of O(n)-manifolds. Mathematische Annalen, 176:53– 76, 1968.

[14] Mikiya Masuda. Unitary toric manifolds, multi-fans and equivariant index. Tohuku Mathematics Journal, 51:237–265, 1999.

[15] Tadao Oda. Convex Bodies and Algebraic Geometry (An Introduction to the Theory of Toric Varieties). Springer-Verlag, Berlin/Heidelberg, 1988.

[16] Taras E. Panov. Combinatorial formulae for the χg -genus of a multioriented quasitoric manifold. Russian Mathematical Surveys, 54:169–170, 1999.

[17] Taras E. Panov. Hirzebruch genera of manifolds with torus action. Preprint, arXiv.org

http://xxx.lanl.gov/abs/math.AT/9910083, 1999.

[18] Nigel Ray. On a construction in bordism theory. Proceedings of the Edinburgh Mathematical Society, 29:413–422, 1986.

[19] Robert E. Stong. Notes on Cobordism Theory. Princeton University Press, 1968. [20] Neil P. Strickland. Formal groups in equivariant topology. Preprint, University of Sheffield, 2000.

[21] Robert M. Switzer. Algebraic Topology, Homotopy and Homology, volume 212 of Grundlehren der mathematischen Wissenschaften. Springer Verlag, 1976.

[22] R. H. Szczarba. On tangent bundles of fibre spaces and quotient spaces. American Journal of Mathematics, 86:685–697, 1964.

[23] Günter M. Ziegler. Lectures on Polytopes, volume 152 of Graduate Texts in Mathematics.

Springer-Verlag, New York, 1995.

Department of Mathematics and Mechanics, Moscow State University, 119899 Moscow, Russia

E-mail address: buchstab@nw.math.msu.su

Department of Mathematics, University of Manchester, Manchester M13 9PL, England

E-mail address: nige@ma.man.ac.uk