2000 č. ĺîńì | ăćčãáâ â. 55, ćëŕ. 4(334) ŞŚŔĚŢĹ ŇĂŠĚŇĂŠĹŮĚŚŁĹŢ ŊĂŞŁ

ŞĎŁ 513.836

ĂŃČĚĄŘĂĹŮĚŚŁĹĚ ĂŚŔĚŁŠŻ ŠĚŐŘĹĹ ŞŇŊŐĘĚŊĹĽ Ć ŁŐŇŔŃĚŁŚŊŻŢ ŁŐĄŐŘĎĹĞŇĂŢ

Ą. Ĺ. Ąőâćĺŋŋĺł, Ć. Ň. Ąãåèâăąěà, Ś. Ŕ. Ŋőćĺłőć, Ś. Ă. đğćĺŋáłĺľ

1. Ććěďěŋĺě. Łőňŕńěłáŋëě łőąőàďĺğňë ĺ ăńčěąàă

Łőňŕńěłáŋëě łőąőàďĺğňë (ąőàďĺğňë) U^∗(X), U^∗(X; Y ) ŕàěďáâăćńïîâ áőąőľ őąéěÄ ĺğćěáâŋãî ć âőŕőńőčĺĺ íłáâàăőàďĺŋăàŋãî âěőàĺî (łő)čőňőńőčĺľ,čďě ďãăńìŋëě łńăáÄ áë ąőàďĺğňőć u ∈ U_k(X) ŕàěďáâăćńěŋë őâőąàăęěŋĺïňĺ ğăňłŋãâëå U -ňŋőčőőąàăğĺľ ć ŕàőáâàăŋáâćő X, f : M^k → X (ãŋĺâăàŋăï áâàãłâãàă ğăďăěâáï ć áâăąĺńìŋőň àăááńőÄ ěŋĺĺ, ŋőàňăńìŋőň ł M^k ⊂ R^{n+k}) [1]. Ćáě łőąőàďĺğňë U^∗(X; Y ) { íâő łőňňãâăâĺćŋëě ăááőæĺăâĺćŋëě Z-čàăďãĺàőćăŋŋëě łőńìæă á ěďĺŋĺæěľ 1 ∈ U^0(X). Ćáě U^∗(X; Y ) { íâő ňőďãńĺ ŋăď ăńčěąàőľ łőąőàďĺğňőć âőçłĺ U^∗(pt) = ˙^∗_U = ~. Śőčńăáŋő âěőàěňě ŇĺńÄ ŋőàă{Ŋőćĺłőćă (áň. [2]{[4]) íâő łőńìæő ĺğőňőàäŋő łőńìæã ŕőńĺŋőňőć őâ çěâŋőňěàŋëå őąàăğãîéĺå: ˙^∗_U = Z[u_2; u_4; u_6; : : :] = ~, deg u_{2k} = −2k.

Ğăďăçă. Ďăâì łńăááĺäĺłăæĺî ćáěå áâăąĺńìŋëå ăááőæĺăâĺćŋëå ãňŋőęěŋĺľ ć âěőÄ àĺĺ łőňŕńěłáŋëå łőąőàďĺğňőć (ďńï łőŋěçŋëå łőňŕńěłáőć X).

Ŕőïáŋĺň, çâő ňë ŕőďàăğãňěćăěň ŕőď âěàňĺŋőň \ãňŋőęěŋĺě ć âěőàĺĺ łőąőàďĺğňőć": íâő { ąĺńĺŋěľŋăï őŕěàăæĺï u ∘ v = ˘(u ⊗ v),

˘: U^∗(X) ⊗ U^∗(X) → U^∗(X);

őŕàěďěńěŋŋăï ďńï ćáěå ŕàőáâàăŋáâć X, ćáěå íńěňěŋâőć u; v ∈ U^∗(X) ĺ łőňňãâĺàãîÄ éăï á ŋěŕàěàëćŋëňĺ őâőąàăęěŋĺïňĺ f : X → Y ,

f^∗(u) ∘ f^∗(v) = ˘(f^∗(u) ⊗ f^∗(v)) = f^∗˘(u ⊗ v) = f^∗(u ∘ v):

Śńěďãěâ ŕőïáŋĺâì âăłęě âěàňĺŋ \áâăąĺńìŋőě ãňŋőęěŋĺě" { őŋő ďőńęŋő łőňňãâĺàőÄ ćăâì á ĺğőňőàäĺğňőň ŋăďáâàőľłĺ s. Ĺňěěâáï őâňěçěŋŋëľ íńěňěŋâ ¯ ∈ U^1(S^1) âăÄ łőľ, çâő s: U^∗(X) → ~U^∗(˚X), u → ¯u = s(u), ěáâì ĺğőňőàäĺğň ŋăďáâàőľłĺ, čďě S^1 { őłàãęŋőáâì, ˚X = S^1 ∧ X { ŋăďáâàőľłă ŋăď ŕàőáâàăŋáâćőň X ĺ ~U^∗(˚X) = U^∗(˚X; pt). Ğďěáì ĺ ďăńěě ∧ { áĺňćőń ŕàĺćěďěŋŋőčő (\âěŋğőàŋőčő") ŕàőĺğćěďěŋĺï ć łăâěčőàĺĺ ŕàőáâàăŋáâć á őâňěçěŋŋëňĺ âőçłăňĺ, X ∧ Y = X × Y =X ∨ Y . Ňë âàěąãěň áâăąĺńìŋőáâĺ ŋőćőčő ãňŋőęěŋĺï ˘(u ⊗ v) = u ∘ v, ĺáåőďï ĺğ ãáńőćĺï:

(1) ¯(u ∘ v) = (¯u) ∘ v = (−1)^{q1} u ∘ (¯v);

© Ą. Ĺ. Ąőâćĺŋŋĺł, Ć. Ň. Ąãåèâăąěà, Ś. Ŕ. Ŋőćĺłőć, Ś. Ă. đğćĺŋáłĺľ 2000

ĂŃČĚĄŘĂĹŮĚŚŁĹĚ ĂŚŔĚŁŠŻ ŠĚŐŘĹĹ ŞŇŊŐĘĚŊĹĽ 1

čďě q_1 = deg u, ă ğŋăłőň uv őąőğŋăçăěâáï őąëçŋőě ãňŋőęěŋĺě. Őçěćĺďŋő, őŋő áâăąĺńìÄ ŋő. Ŋăŕőňŋĺň, çâő âěőàĺï łőňŕńěłáŋëå łőąőàďĺğňőć ïćńïěâáï ňőďãńěň ŋăď \ăńčěąàőľ Śâĺŋàőďă" ćáěå őŕěàăæĺľ A^U , â.ě. ńĺŋěľŋëå őŕěàăâőàőć a: U^∗(X) → U^∗(X), łőňňãÄ âĺàãîéĺå á ŋěŕàěàëćŋëňĺ őâőąàăęěŋĺïňĺ ĺ ŋăďáâàőľłőľ (áâăąĺńìŋëå). İâă ăńčěąÄ àă, ćëçĺáńěŋŋăï ć [5], áőáâőĺâ ĺğ ďćãå çăáâěľ:

1. Łőńìæő ~ = ˙^U ⊂ A^U , áőáâőïéěě ĺğ őŕěàăâőàőć ãňŋőęěŋĺï ŋă \áłăńïà" u → ˘u, ˘ ∈ ~.

2. Ăńčěąàă Ńăŋďćěąěàă{Ŋőćĺłőćă S [5], [6]. İâő { ăńčěąàă Ţőŕäă ŋăď Z, łőâőàăï Z^+-čàăďãĺàőćăŋă, S = ∑ j⩾0 S^j , á ąăğĺáőň s_w ∈ S, čďě S^0 = Zĺ w = (k_1; : : : ; k_l) { íâő ńĺąő ŋěãŕőàïďőçěŋŋëľ ŋăąőà ŕőńőęĺâěńìŋëå æěńëå çĺáěń k_j ∈ Z^+, ńĺąő áĺňćőń ŕãáâőčő ňŋőęěáâćă, s_∅ = s_0 ∈ S^0 , s_0 = 1 ĺ deg w = 2 ∑ k_q.

Łőãňŋőęěŋĺě (ďĺăčőŋăńì) ĺňěěâ ćĺď

(2) ´s_w = ∑ (w′;w′′)=w

s_w′ ⊗ s_w′′ :

Ŕàĺ íâőň ăńčěąàă Ţőŕäă S ďěľáâćãěâ ŋă ćáěå U^∗(X) (ć âőň çĺáńě ŋă ~ = U^∗(pt) = ˙^U ), ŕàěćàăéăï ĺå ć \ňőďãńĺ Ňĺńŋőàă",

(3) s_w(uv) = ∑ (w′;w′′)=w

s_w′ (u)s_w′′ (v):

Ŕàĺňĺâĺćŋëě íńěňěŋâë s_{(n)} ŕőàőęďăîâ ăńčěąàã Ńĺ: [s_{(n)}; s_{(m)}] = (m − n)s_{(m+n)}.

Šăł ŋăğëćăěňëě čěőňěâàĺçěáłĺě łőąőàďĺğňë x ∈ U^2(X) őŕàěďěńïîâáï ĺáåőďï ĺğ âàěąőćăŋĺï

(4) s_{(k)}(x) = x^{k+1}; k ⩾ 0 ĺ s_w(x) = 0; w = (k_1; : : :; k_l); l ¿ 1:

Ŕàěďáâăćńěŋĺě ăńčěąàë S (ĺ ćáěľ ăńčěąàë A^U ) ïćńïěâáï ăáĺňŕâőâĺçěáłĺ âőçÄ ŋëň ŋă ŕàőĺğćěďěŋĺĺ ąőńìèőčő çĺáńă čěőňěâàĺçěáłĺå łőąőàďĺğňőć:

s → s(x_1x_2 · · · x_N ); s ∈ S;

â.ě. ďńï ńîąőčő íńěňěŋâă s ∈ S àăğňěàŋőáâĺ 2m ŋăľďěâáï âăłőě çĺáńő N ¿ m, çâő s(x_1x_2 · · · x_N ) = 0 íłćĺćăńěŋâŋő s = 0. Ďěľáâćĺě ăńčěąàë S ŋă łőńìæě ~ ïćńïěâáï âőçŋëň ŕàěďáâăćńěŋĺěň. Őŋő ćŕěàćëě ćëçĺáńěŋő ć [5]. Ć àăąőâě [7] ŋăľďěŋă ĺŋâěàŕàěÄ âăæĺï íâőčő ďěľáâćĺï çěàěğ ďĺääěàěŋæĺăńìŋëě őŕěàăâőàë ŋă ąěáłőŋěçŋőňěàŋőľ čàãŕÄ ŕě Ńĺ äőàňăńìŋëå ďĺääěőňőàäĺğňőć ŕàïňőľ. Ć àăąőâăå [8], [9] àăğćĺćăńăáì âěőàĺï őŕěàăâőàőć ŋă łćăŋâőćëå čàãŕŕăå, őáŋőćăŋŋăï ŋă őąőąéěŋĺĺ íâőčő ŕàĺňěàă. Ğďěáì A^U = (~S)^∧, â.ě. ŕőŕőńŋěŋĺě àïďăňĺ ćĺďă ∞∑ j=0 ˘_j s_{wj} ∈ A^U ; ˘_j ∈ ~; s_{wj} ∈ S;

čďě deg w_j → +∞, łőčďă j → ∞. Ŕàĺ íâőň ŕàăćĺńő łőňňãâĺàőćăŋĺï őŕàěďěńïěâáï ŕàěďáâăćńěŋĺěň ăńčěąàë S ŋă ăńčěąàě ~. Ĺňěěâ ňěáâő ćńőęěŋĺě ~ ⊂ S^∗ : ˘(s_w ) = ”s_w(˘), čďě ˘ ∈ ~ ĺ ”: ~ → Z{ ăãčňěŋâăæĺï, ”(1) = 1 ĺ ”(˘) = 0, ěáńĺ deg ˘ ¡ 0. Ğďěáì S^∗ { íâő ăńčěąàă Ţőŕäă, ďćőľáâćěŋŋăï ł S; ~ ⊗ Q = S^∗ ⊗ Q. Őçěćĺďŋő, łőńìæő S^∗ { íâő łőńìæő ŕőńĺŋőňőć ŋăď Zőâ őąàăğãîéĺå s^∗_k âăłĺå, çâő (s^∗_k; s_w) àăćŋő ěďĺŋĺæě, ěáńĺ w = (k), ĺ àăćŋő ŋãńî ć ŕàőâĺćŋőň áńãçăě. Ăńčěąàăĺçěáłőě őŕĺáăŋĺě ŕőďłőńìæă ~ ⊂ S^∗ ňë ďăďĺň ŋĺęě.

2 Ą. Ĺ. ĄŐŠĆĹŊŊĹŁ, Ć. Ň. ĄŞŢŸŠĂĄĚŘ, Ś. Ŕ. ŊŐĆĹŁŐĆ, Ś. Ă. đĞĆĹŊŚŁĹĽ

Ńěňňă 1. Ćáïłőě áâăąĺńìŋőě ãňŋőęěŋĺě ć âěőàĺĺ łőňŕńěłáŋëå łőąőàďĺğňőć ğăďăěâáï äőàňăńìŋëň àïďőň ćĺďă

(5) ^˘ = ∑ ˘_{ij} s_{wi} ⊗ s_{wj} ;

čďě ˘_{ij} ∈ ~, deg w_i → ∞, deg w_j → ∞, i; j → ∞, âăł çâő ãňŋőęěŋĺě őŕàěďěńïÄ ěâáï äőàňãńőľ

(6) u ∘ v = ˘(u ⊗ v) = ∑ ˘_{ij} s_{wi} (u)s_{wj} (v);

u; v ∈ U^∗(X).

Ćáě łőíääĺæĺěŋâë àïďă ^˘ őďŋőğŋăçŋő őŕàěďěńïîâáï ãňŋőęěŋĺěň u ∘ v ďńï u; v ∈ ~ = U^∗(pt) = ˙^U .

Ďőłăğăâěńìáâćő. Ŕãáâì x(N ) ∈ U^{2N} (M U_N ) { łăŋőŋĺçěáłĺľ łńăáá Šőňă ŕàőÄ áâàăŋáâćă Šőňă M U_N ãŋĺćěàáăńìŋőčő łőňŕńěłáŋőčő N -ňěàŋőčő àăááńőěŋĺï ȷ_N → BU (N ).

Ĺğćěáâŋő, çâő U^∗(M U_N ; pt) ïćńïěâáï őďŋőňěàŋëň A^U -ňőďãńěň á őąàăğãîéĺň x(N ), ŕàĺçěň íńěňěŋâë s_wx(N ), čďě w = (k_1; : : : ; k_l), l ⩽ N , ćňěáâě á x(N ) = s_0x(N ) áőáâăćńïîâ ěčő ąăğĺá ŋăď ~.

Ŕãáâì ğăďăŋő ŋěłőâőàőě áâăąĺńìŋőě ãňŋőęěŋĺě ∘ ć âěőàĺĺ łőňŕńěłáŋëå łőąőàďĺğÄ ňőć. Šőčďă ďńï ńîąëå N_1 ĺ N_2 őŕàěďěńěŋő ŕàőĺğćěďěŋĺě x(N_1)∘x(N_2) ∈ U^∗(M U_{N1} × M U_{N2} ). Ć ćĺďã ąĺńĺŋěľŋőáâĺ ãňŋőęěŋĺï ∘ ňë ĺňěěň:

x(N_1) ∘ x(N_2) ∈ ~U^∗(M U_{N1} ∧ M U_{N2} );

ĺ, áńěďőćăâěńìŋő, íâő ŕàőĺğćěďěŋĺě ňőęŋő őďŋőğŋăçŋő ğăŕĺáăâì ć ćĺďě äőàňăńìŋőčő àïďă x(N_1) ∘ x(N_2) = ∑ ˘_{ij} s_{wi} (x(N_1))s_{wj} (x(N_2));

čďě w_i = (k^′_1; : : :; k^′_{l1} ), l_1 ⩽ N_1 ĺ w_j = (k^{′′}_1 ; : : : ; k^{′′}_{l2} ), l_2 ⩽ N_2. Łőíääĺæĺěŋâë ˘_{ij} ∈~ ŋě ğăćĺáïâ őâ N_1 ĺ N_2, âăł łăł ãňŋőęěŋĺě ∘ łőňňãâĺàãěâ á ŋěŕàěàëćŋëňĺ őâőąàăęěÄ ŋĺïňĺ ĺ áâăąĺńìŋő. Ŋăŕőňŋĺň, çâő ŕàőáâàăŋáâćă Šőňă M U_N ďńï àăğŋëå N áćïğăÄ ŋë őâőąàăęěŋĺïňĺ e_{N1;N2} : ˚^{2(N2−N1)}M U_{N1} → M U_{N2} âăłĺňĺ, çâő e^∗_{N1;N2} x(N_2) = s^{2(N2−N1)}x(N_1).

Ďńï ńîąëå íńěňěŋâőć u ∈ U^{q1} (X; Y ) ĺ v ∈ U^{q2} (X; Y ) áãéěáâćãîâ őâőąàăęěŋĺï

f_1 : ˚^{2N1−q1} X=Y → M U_{N1} ĺ f_2 : ˚^{2N2−q2} X=Y → M U_{N2}

âăłĺě, çâő f^∗_1 x(N_1) = s^{2N1−q1} u ĺ f^∗_2 x(N_2) = s^{2N2−q2} v ďńï ŋěłőâőàëå N_1 ĺ N_2. ĆőğìÄ ňěň őâőąàăęěŋĺě

f = f_1 ∧ f_2 : ˚^{2(N1+N2)−(q1+q2)}X^{f1∧f2}−→ M U_{N1} ∧ M U_{N2} :

Šőčďă

f^∗(x(N_1) ∘ x(N_2)) = ∑ ˘_{ij} s_{wi} (s^{2N1−q1} u)s_{wj} (s^{2N2 −q2} v)

= (−1)^{q1q2} s^{2(N1+N2)−(q1+q2)} (∑ ˘_{ij} s_{wi} (u)s_{wj} (v) ) :

ĂŃČĚĄŘĂĹŮĚŚŁĹĚ ĂŚŔĚŁŠŻ ŠĚŐŘĹĹ ŞŇŊŐĘĚŊĹĽ 3

Ś ďàãčőľ áâőàőŋë,

f^∗(x(N_1) ∘ x(N_2)) = (f^∗_1 x(N_1)) ∘ (f^∗_2 x(N_2)) = (s^{2N1−q1} u) ∘ (s^{2N2−q2} v)

= (−1)^{q1q2} s^{2(N1+N2)−(q1+q2)}u ∘ v:

Šăłĺň őąàăğőň, ŕěàćăï çăáâì ńěňňë ďőłăğăŋă.

Ŕãáâì âěŕěàì ğăďăŋő ãňŋőęěŋĺě u ∘ v ŋă łőńìæě ~ = U^∗(pt). Ğăňěâĺň, çâő ěáńĺ u ∈ ~^{−2n} ĺ v ∈ ~^{−2m}, âő

(7) u ∘ v = ˘(u ⊗ v) = ∑ deg wi⩽2n; deg wj⩽2m

˘_{ij} s_{wi} (u)s_{wj} (v):

Ŕàĺ deg w = 2n ňë ĺňěěň:

s_w(u) = ”s_w (u) = ⟨u; s_w⟩;

čďě ”: ~ → Z { ăãčňěŋâăæĺï.

Ĺáŕőńìğãï őŕĺáăŋŋőě ćëèě ćńőęěŋĺě ~ ⊂ S^∗ ĺ âő, çâő ~⊗Q = S^∗ ⊗Q, ňë ŕàĺ ŕőňőÄ éĺ äőàňãńë (7) ĺŋďãłæĺěľ ŕő deg w ňőęěň ćőááâăŋőćĺâì ćáě łőíääĺæĺěŋâë ˘_{ij} , ğŋăï ãňŋőęěŋĺï u ∘ v ć łőńìæě ~, ă âăłęě ďěľáâćĺě ăńčěąàë S ŋă ŋěň. Ńěňňă 1 ŕőńŋőáâìî ďőłăğăŋă.

Ňë ŕàĺŋĺňăěň äőàňăńìŋëě àïďë ćĺďă (5) ğă őŕàěďěńěŋĺě ŋőćőčő áâăąĺńìŋőčő ãňÄ ŋőęěŋĺï ć âěőàĺĺ U^∗(X). Śćőľáâćă íâĺå ãňŋőęěŋĺľ ňë ĺ ĺğãçăěň ďăńěě.

Ć àăňłăå őąéěľ âěőàĺĺ ăńčěąà Ţőŕäă áĺâãăæĺï âăłőćă.

Ğăďăŋă ăńčěąàă Ţőŕäă S ĺ ňőďãńì Ňĺńŋőàă ~ ŋăď ŋěľ (â.ě. S ďěľáâćãěâ ŋă ăńčěąàě ~ ĺ s(uv) = ∑ s^′_i(u)s^{′′}_i (v), čďě ´(s) = ∑ s^′_i ⊗ s^{′′}_i ). Ŋőćőě ãňŋőęěŋĺě ć ăńčěąàě~ ğăďăěâáï äőàňãńőľ (6). Ğăďăçěľ ïćńïěâáï łńăááĺäĺłăæĺï ăááőæĺăâĺćŋëå ãňŋőęěŋĺľ âăłőčő ćĺďă.

Ć őáőąő ĺŋâěàěáŋőň áńãçăě, ŕőďáłăğăŋŋőň âěőàĺěľ łőąőàďĺğňőć, ňőďãńì Ňĺńŋőàă S^∗ ŋăď S ïćńïěâáï ăńčěąàőľ Ţőŕäă, ďćőľáâćěŋŋőľ ł S ć ąăğĺáě s_w, čďě ~ ⊂ S^∗. Ŕàĺ íâőň ďěľáâćĺě ăńčěąàë S ŋă S^∗ őŕàěďěńïěâáï łăł s(u) = R^∗_s (u), čďě R_s { íâő őŕěàăâőà ŕàăćőčő ãňŋőęěŋĺï [7], [8]:

(8) R_s(s^′) = s^′s; R_s : S → S; R^∗_s : S^∗ → S^∗; (R^∗_s (u); s^′) = (u; s^′s):

Šěň áăňëň, ğăďăçă łńăááĺäĺłăæĺĺ ãňŋőęěŋĺľ ć âěőàĺĺ łőąőàďĺğňőć U^∗(X) áćőďĺâáï ł âěőàĺĺ őďŋőľ ăńčěąàë S, ďěľáâćãîéěľ łăł R^∗ ć ďćőľáâćěŋŋőľ ăńčěąàě Ţőŕäă S^∗ á ćëďěńěŋŋőľ \âőŕőńőčĺçěáłĺ æěńőçĺáńěŋŋőľ" çăáâìî ~ ⊂ S^∗.

Łăł őŕĺáăâì łőńìæő ~ ⊂ S^∗ çĺáâő ăńčěąàăĺçěáłĺ? Ďńï íâőčő ňë ćőáŕőńìğãěňÄ áï čěőňěâàĺçěáłĺňĺ łőąőàďĺğňăňĺ x ∈ U^2(X), őŕàěďěńěŋŋëňĺ ćëèě. Řăááňőâàĺň ňőďãńì Ňĺńŋőàă, ŕàěďáâăćńïîéĺľ áőąőľ łőńìæő S^∗[[x_1; x_2]] äőàňăńìŋëå àïďőć őâ (x_1; x_2) á łőíääĺæĺěŋâăňĺ ć łőńìæě S^∗. Ŕàĺ íâőň ňë őŕàěďěńïěň ďěľáâćĺï ăńčěąàë Ţőŕäă S ŋă íâőň ňőďãńě ăńčěąàăĺçěáłĺ, âàěąãï, çâőąë x_1, x_2 ąëńĺ čěőňěâàĺçěáłĺňĺ íńěňěŋâăňĺ, â.ě.:

s_{(k)}(x_j ) = x^{k+1}_j ; s_w(x_j ) = 0; w = (k_1; : : : ; k_l); l ¿ 1;

s(˘) = R^∗_s (˘); (R^∗_s (˘); s^′) = (˘; s^′s);

s(uv) = ∑ s^′_i(u)s^{′′}_i (v); ´ = ∑ s^′_i ⊗ s^{′′}_i :

Šěň áăňëň, ďěľáâćĺě łőńěæ S ĺ S^∗ őŕàěďěńěŋő.

4 Ą. Ĺ. ĄŐŠĆĹŊŊĹŁ, Ć. Ň. ĄŞŢŸŠĂĄĚŘ, Ś. Ŕ. ŊŐĆĹŁŐĆ, Ś. Ă. đĞĆĹŊŚŁĹĽ

Ńěňňă 2. Śãéěáâćãěâ ěďĺŋáâćěŋŋëľ àïď ćĺďă

(9) x = f(x_1; x_2) = x_1 + x_2 + ∑ i;j⩾1

ff_{ij} x^i_1x^j_2; ff_{ij} ∈ S^∗;

âăłőľ, çâő ďńï čěőňěâàĺçěáłĺå íńěňěŋâőć x_1 ĺ x_2 íńěňěŋâ x = f(x_1 ; x_2) ïćńïÄ ěâáï âăłęě čěőňěâàĺçěáłĺň, â.ě. ďěľáâćĺě ăńčěąàë S ŋă íńěňěŋâ x őŕàěďěńïÄ ěâáï äőàňãńőľ (4).

Ďőłăğăâěńìáâćő. Ććěďěň őŕěàăâőà S_t = ∑ w⩾0 s_wt^w, w = (k_1; : : :; k_l), t^w = t^{k1}_1 · · · t^{kl}_l , čďě t_i, i = 1; 2; : : :, { ăńčěąàăĺçěáłĺ ŋěğăćĺáĺňëě ŕěàěňěŋŋëě. Ńěčłő ćĺďěâì, çâő ´S_t = ∑ w⩾0 (´s_w)t^w = S_t ⊗ S_t ĺńĺ S_t(uv) = S_t(u)S_t(v):

Ŕőďáçĺâăěň ğŋăçěŋĺě S_t(x) ďńï ńîąőčő čěőňěâàĺçěáłőčő íńěňěŋâă. Ĺğ őŕàěďěńěŋĺï čěőňěâàĺçěáłőčő íńěňěŋâă ŕőńãçăěň, çâő S_t(x) ŕàěďáâăćńïěâ áőąőľ àïď ∑_∞ k=0 x^{k+1}t_k, čďě t_0 = 1, łőâőàëľ ďăńěě ďńï łàăâłőáâĺ ňë ąãďěň őąőğŋăçăâì łăł Œ_t(x). Ŕàĺňěŋĺň őŕěàăâőà S_t ł őąěĺň çăáâïň (9). Ňë ŕőńãçĺň

(10) S_t(x) = S_t(x_1) + S_t(x_2) + ∑ i;j⩾1

S_t(ff_{ij} )S_t(x_1)^iS_t(x_2)^j ;

čďě x; x_1; x_2 { čěőňěâàĺçěáłĺě íńěňěŋâë, â.ě. S_t(x) = Œ_t(x), S_t(x_1) = Œ_t(x_1), S_t(x_2) = Œ_t(x_2). Ŕàĺňěŋĺň ł äőàňãńě (10) ăãčňěŋâăæĺî ”,

”: S^∗ → Z;

čďě ”(s^∗_n ) = 0 ďńï n ≠ 0, S^∗ = ∑ n⩽0 S^∗_n ĺ ”(x_1) = x_1, ”(x_2) = x_2.

Ňë ĺňěěň:

”S_t(x) = ∑ ”(x)^{k+1}t_k; ”(x) = x_1 + x_2;

”S_t (x_1) = ∑ ”(x_1)^{k+1}t_k = ∑ x^{k+1}_1 t_k;

”S_t (x_2) = ∑ ”(x_2)^{k+1}t_k = ∑ x^{k+1}_2 t_k:

Ŕő őŕàěďěńěŋĺî, ćěàŋă äőàňãńă:

”S_t(ff_{ij} ) = ∑ w ”s_w(ff_{ij} )t^w = ∑ w (s_w; ff_{ij} )t^w:

Őâáîďă ĺňěěň

”S_t(x) = Œ_t(x_1 + x_2) = Œ_t(x_1) + Œ_t(x_2) + ∑ i;j ∑ w (s_w; ff_{ij} )t^wŒ_t(x_1)^iŒ_t(x_2)^j :

Őąőğŋăçĺň Œ_t(x_j ) çěàěğ y_j . Ňë ŕőńãçăěň x_j = Œ^{−1}_t (y_j ) ĺ

”S_t(x) = Œ_t(Œ^{−1}_t (y_1) + Œ^{−1}_t (y_2)) = ∑ i;j ∑ w (s_w; ff_{ij} )t^wy^i_1y^j_2 :

ĂŃČĚĄŘĂĹŮĚŚŁĹĚ ĂŚŔĚŁŠŻ ŠĚŐŘĹĹ ŞŇŊŐĘĚŊĹĽ 5

Śàăćŋĺćăï łőíääĺæĺěŋâë ŕàĺ y^i_1y^j_2 ć ńěćőľ ĺ ŕàăćőľ çăáâïå, ňë ćĺďĺň, çâő ćáě ğŋăÄ çěŋĺï (s_w; ff_{ij}) ćëçĺáńěŋë ć ńěćőľ çăáâĺ ĺ ŕőńŋőáâìî ĺğćěáâŋë. Šěň áăňëň, ćáě ff_{ij} őďŋőğŋăçŋő őŕàěďěńěŋë łăł íńěňěŋâë łőńìæă S^∗, â.ě. łăł ńĺŋěľŋëě äőàňë ŋă S. ĚďĺŋÄ áâćěŋŋőáâì ďőłăğăŋă.

Śãéěáâćőćăŋĺě àïďă (9) áńěďãěâ ĺğ âěőàĺĺ łőňŕńěłáŋëå łőąőàďĺğňőć [5]. Ůĺáâő ăńčěąàăĺçěáłőě ďőłăğăâěńìáâćő íâőčő äăłâă ïćńïěâáï áńěďáâćĺěň ŕàĺćőďĺňőľ ŋĺęě ńěňňë 3.

Ńěňňă ďőłăğăŋă.

Ŋěŕőáàěďáâćěŋŋő ĺğ ńěňňë 2 ŕőńãçăěň

Śńěďáâćĺě 1. Řïď x = f(x_1; x_2) (áň. (9)) ğăďăěâ äőàňăńìŋãî čàãŕŕã ŋă ňŋőÄ ęěáâćě čěőňěâàĺçěáłĺå íńěňěŋâőć.

Őŕàěďěńěŋĺě 1. Ŕőďłőńìæő ~ ⊂ S^∗, ŕőàőęďěŋŋőě ŋăď Złőíääĺæĺěŋâăňĺ ff_{ij} ∈ S^∗ àïďă (9), ŋăğëćăěâáï łőńìæőň łőňŕńěłáŋëå łőąőàďĺğňőć. (Ĺğ âőŕőńőčĺĺ ĺğćěáâŋő, çâő őŋő ĺğőňőàäŋő łőńìæã ŕőńĺŋőňőć, áň. ćëèě.)

Ğăňěçăŋĺě. Ťőàňăńìŋăï čàãŕŕă ć âěőàĺĺ łőňŕńěłáŋëå łőąőàďĺğňőć ąëńă ććěďěÄ ŋă ć [5] čěőňěâàĺçěáłĺ. Őŋă áőćŕăďăěâ á äőàňăńìŋőľ čàãŕŕőľ, ğăďăćăěňőľ àïďőň (9), ććĺďã ěčő ěďĺŋáâćěŋŋőáâĺ. Ňë őąàăéăěň ćŋĺňăŋĺě ŋă âő, çâő ć ďăŋŋőľ àăąőâě äőàÄ ňăńìŋăï čàãŕŕă őŕàěďěńěŋă çĺáâő ăńčěąàăĺçěáłĺ, łăł ĺ łőńìæő ~, ĺáåőďï âőńìłő ĺğ ăńčěąàë S.

Ŋăď łőńìæőň ~ ⊗ Q äőàňăńìŋãî čàãŕŕã f(x_1; x_2) ňőęŋő ŕàěďáâăćĺâì ć ćĺďě:

f(x_1; x_2) = g^{−1}(g(x_1) + g(x_2));

čďě g^{−1}(g(x)) = x ĺ g(x) = x + ∑ b_ix^{i+1}, b_i ∈ ~ ⊗ Q. Řïď g(x) = g_f (x) ŋăğëćăěâáï ńőčăàĺäňőň äőàňăńìŋőľ čàãŕŕë f(x_1 ; x_2). Ĺáŕőńìğőćăŋŋëľ ćëèě ŕőďåőď ŕőğćőńïěâ ććěáâĺ íâőâ àïď âăłęě âőńìłő ć âěàňĺŋăå ăńčěąàë S.

Ńěňňă 3. Śãéěáâćãěâ ěďĺŋáâćěŋŋëľ àïď ćĺďă

g(x) = x + ∞∑ i=1 b_ix^{i+1}; b_i ∈ S^∗;

âăłőľ, çâő ďńï ńîąőčő čěőňěâàĺçěáłőčő íńěňěŋâă x ňë ĺňěěň s_wg(x) = 0 ďńï ćáěå w, deg w ¿ 0. İâőâ àïď ğăďăěâ ńőčăàĺäň äőàňăńìŋőľ čàãŕŕë ĺ őŕàěďěńïÄ ěâáï ĺğ ãáńőćĺï

x = g(x) + ∞∑ k=1 s^∗_kg(x)^{k+1};

â.ě. g^{−1}(t) = t + ∑_∞ k=1 s^∗_kt^{k+1}, čďě s^∗_k { ňãńìâĺŕńĺłăâĺćŋëě őąàăğãîéĺě łőńìÄ æă S^∗, ďćőľáâćěŋŋëě s_{(k)} ∈ S őâŋőáĺâěńìŋő Z-ąăğĺáă {s_w}.

Ďőłăğăâěńìáâćő. Ŕãáâì x { čěőňěâàĺçěáłĺľ íńěňěŋâ ĺ g(x) = x + ∑ b_ix^{i+1}, b_i ∈ S^∗, { âăłőľ àïď, çâő s_wg(x) = 0 ďńï ćáěå w, čďě w ≠ ∅. Šőčďă S_tg(x) = g(x), čďě S_t = ∑ s_wt^w. Ĺňěěň: x = g^{−1}(g(x)). Ĺ áńěďőćăâěńìŋő, Œ_t(x) = S_tx = S_t[g^{−1}](S_tg(x)) = S_t[g^{−1}](g(x)), čďě ěáńĺ g^{−1}(t) = t + ∑ a_it^{i+1}, a_i ∈ S^∗, âő S_t[g^{−1}] = t + ∑ S_t(a_i)t^{i+1}. Ŕãáâì âěŕěàì x_1 ĺ x_2 { čěőňěâàĺçěáłĺě íńěňěŋâë. Őąàăğãěň àïď

F (x_1; x_2) = g^{−1}(g(x_1) + g(x_2)) = x_1 + x_2 + ∑ ff^′_{ij} x^i_1x^j_2:

6 Ą. Ĺ. ĄŐŠĆĹŊŊĹŁ, Ć. Ň. ĄŞŢŸŠĂĄĚŘ, Ś. Ŕ. ŊŐĆĹŁŐĆ, Ś. Ă. đĞĆĹŊŚŁĹĽ

Ĺňěěň:

g(x_1) + g(x_2) = g(F (x_1; x_2)):

Šőčďă

S_tF (x_1; x_2) = S_t[g^{−1}](S_tg(x_1) + S_tg(x_2)) = S_t[g^{−1}](g(x_1) + g(x_2)) = S_t[g^{−1}](g(F (x_1; x_2))):

Ĺáŕőńìğãï âěŕěàì, çâő S_t[g^{−1}](g(x)) = Œ_t(x), ŕőńãçăěň

S_tF (x_1; x_2) = Œ_t(F (x_1; x_2)):

Śńěďőćăâěńìŋő, àïď F (x_1; x_2) ïćńïěâáï čěőňěâàĺçěáłĺň íńěňěŋâőň ĺ ŕőíâőňã, áőčńăáÄ ŋő ńěňňě 2, áőćŕăďăěâ á àïďőň (9). Šăłĺň őąàăğőň, ěáńĺ àïď g(x), ãďőćńěâćőàïîéĺľ ãáńőćĺïň ńěňňë, áãéěáâćãěâ, âő őŋ ěďĺŋáâćěŋěŋ ĺ ğăďăěâ ńőčăàĺäň äőàňăńìŋőľ čàãŕÄ ŕë (9).

Ďăďĺň çĺáâő ăńčěąàăĺçěáłőě ďőłăğăâěńìáâćő áãéěáâćőćăŋĺï âăłőčő àïďă. ŘăááňőâÄ àĺň ňőďãńì Ňĺńŋőàă, őŕàěďěńïěňëľ łăł łőńìæő S^∗[[t]], áő áńěďãîéĺň ďěľáâćĺěň ăńÄ čěąàë S:

s_0t = t; s_wt = 0; deg w ¿ 0 ĺ s_w(˘) = R^∗_s (˘); ˘ ∈ S^∗:

Ŕőłăęěň, çâő àïď x = fl(t) = t + ∑ s^∗_{(n)}t^{n+1} ∈ S^∗[[t]]

ïćńïěâáï čěőňěâàĺçěáłĺň íńěňěŋâőň. Ďńï íâőčő ďőáâăâőçŋő ďőłăğăâì, çâő

s_w(s^∗_{(n)}) = { 0; ěáńĺ w ≠ (k); fl_{n;k}; ěáńĺ w = (k);

čďě fl_{n;k} { łőíääĺæĺěŋâ ŕàĺ t^{n+1} ã àïďă fl(t)^{k+1}. Šàěąãěňëľ àěğãńìâăâ ňőęŋő âěŕěàì ŕőńãçĺâì ŋěŕőáàěďáâćěŋŋő, ěáńĺ ćőáŕőńìğőćăâìáï äőàňãńőľ

⟨s_{w2} (s^∗_n); s_{w1} ⟩ = ⟨s^∗_n; s_{w1} s_{w2} ⟩

ĺ âěň äăłâőň, çâő ŕàěďáâăćńěŋĺě ăńčěąàë S ŋă ŕàőĺğćěďěŋĺĺ čěőňěâàĺçěáłĺå íńěňěŋÄ âőć ïćńïěâáï ăáĺňŕâőâĺçěáłĺ âőçŋëň.

Ćőğìňěň âěŕěàì g(x) ∈ S^∗[[t]] âăłőľ, çâő g(x) = g(fl(t)) = t. Ĺňěěň: x { čěőňěâÄ àĺçěáłĺľ íńěňěŋâ, ĺ ŕő ŕőáâàőěŋĺî s_w (t) = 0, łőčďă deg w ¿ 0. Śńěďőćăâěńìŋő, àïď g(x) ãďőćńěâćőàïěâ ãáńőćĺïň ńěňňë 3. Ńěňňă ďőłăğăŋă.

Řěğãńìâăâ ńěňňë 3 ňěâőďăňĺ âěőàĺĺ łőňŕńěłáŋëå łőąőàďĺğňőć ćŕěàćëě ąëń ŕőńãÄ çěŋ ć [10].

Őŕàěďěńěŋĺě 2. Ŕàěďáâăćńěŋĺě ăńčěąàë Ţőŕäă S ć ňőďãńě Ňĺńŋőàă P ŋăď ŋěľ ňë ŋăğőćěň őďŋőňěàŋëň, ěáńĺ P ěáâì ăńčěąàă ŕőńĺŋőňőć (ĺńĺ äőàňăńìŋëå àïďőć) őâ őďŋőľ őąàăğãîéěľ u ∈ P ŋăď ŋěłőâőàëň łőńìæőň łőíääĺæĺěŋâőć. Ďőŕãáłăěâáï ŋěâàĺćĺăńìŋőě ďěľáâćĺě ăńčěąàë S ŋă íâőň łőńìæě łőíääĺæĺěŋâőć, łőâőàőě ć ŋăèĺå ŕàĺňěàăå ěáâì Z, Q, ~ ĺńĺ ŋěłőâőàëľ ďàãčőľ ŕőďňőďãńì Ňĺńŋőàă ć S^∗ ⊗ Q.

Ćëáőâőľ ŕàěďáâăćńěŋĺï ňë ŋăğőćěň âăłőě çĺáńő k, çâő u^{k+1} = 0.

Ŋăŕàĺňěà, P ňőęěâ ąëâì ăńčěąàőľ ŕőńĺŋőňőć őâ őďŋőľ őąàăğãîéěľ u ∈ P á łőíäÄ äĺæĺěŋâăňĺ ć łőńìæě ~ ⊂ S^∗, čďě S ďěľáâćãěâ, łăł ãłăğăŋő ćëèě.

ĂŃČĚĄŘĂĹŮĚŚŁĹĚ ĂŚŔĚŁŠŻ ŠĚŐŘĹĹ ŞŇŊŐĘĚŊĹĽ 7

Ŕàĺňěàë. Ďńï ćëáőâë k = 1 ňë ŕőńăčăěň P = U^∗(S^{2q} ) ďńï ńîąőčő q. Şęě ďńï k = 2 ňőęŋő ŕőáâàőĺâì čàăďãĺàőćăŋŋő łőààěłâŋëě őďŋőňěàŋëě ŕàěďáâăćńěŋĺï ŋăď Z ńĺèì ďńï áńãçăěć dim u = 2; 4; 8. Ďńï k ⩾ 3 ŋăň ĺğćěáâŋë ĺğ âőŕőńőčĺĺ ńĺèì áńãçăĺ dim u = 2 ĺńĺ 4, čďě P = U^∗(C P^k ) ĺńĺ P = U^∗(HP^k) áőőâćěâáâćěŋŋő. Śńãçăľ k = ∞ őáőąěŋŋő ĺŋâěàěáěŋ. Ŋăď ŕőńěň àăæĺőŋăńìŋëå çĺáěń ňë ĺňěěň őďŋőňěàŋëě ŕàěďáâăćńěŋĺï ăńčěąàë S ŋă P = U^∗(˙S^{2q+1} ) ⊗ Q = ˙_U ⊗ Q[[u]], čďě dim u_q = 2q ďńï ćáěå q.

Řăááňőâàĺň ąőńěě ďěâăńìŋő áńãçăľ q = 1. Őâőąàăęěŋĺě Œ: ˙S^3 → C P^∞ , áőőâćěâÄ áâćãîéěě őąàăğãîéěňã ďćãňěàŋőľ čàãŕŕë łőčőňőńőčĺľ H^2(˙S^3; Z) = Z, ğăďăěâ čěőÄ ňěâàĺçěáłĺľ íńěňěŋâ u_1 = Œ^∗(u) ∈ U^2(˙S^3), čďě u ∈ U^2(C P^∞ ) { łăŋőŋĺçěáłĺľ čěőÄ ňěâàĺçěáłĺľ íńěňěŋâ. Ĺňěěň U^∗(˙S^3) ⊗ Q = ˙_U ⊗ Q[[u_1]]. Ĺğ čőňőâőŕĺçěáłőľ âőŕőÄ ńőčĺĺ åőàőèő ĺğćěáâŋő őâőąàăęěŋĺě : ˚˙S^3 → S^3, ğăďăîéěě íńěňěŋâ fi ∈ U^2(˙S^3 ) âăłőľ, çâő sfi = ^∗ff, čďě ff { őąàăğãîéĺľ čàãŕŕë U^3(S^3) = Z, ĺ s { ĺğőňőàäĺğň ŋăďáâàőľłĺ. Ćáě őŕěàăæĺĺ s_w áâăąĺńìŋë, ŕőíâőňã ĺğ âőčő, çâő s_wff = 0, deg w ¿ 0, ćëâěłăěâ, çâő s_wfi = 0, deg w ¿ 0. Ć łőńìæě U^∗(˙S^3) ⊗ Q íńěňěŋâ fi őŕĺáëćăěâáï àïďőň őâ čěőňěâàĺçěáłőčő íńěňěŋâă u_1, â.ě. fi = g(u_1), ŕàĺçěň g(u_1) = u_1 + · · · ŠăÄ łĺň őąàăğőň, ć łăçěáâćě áńěďáâćĺï ńěňňë 3 ňë ŕőńãçăěň, çâő fi ğăďăěâáï àïďőň g(u_1), ŕàěďáâăćńïîéĺň áőąőľ ńőčăàĺäň äőàňăńìŋőľ čàãŕŕë čěőňěâàĺçěáłĺå íńěňěŋâőć, ĺ g^{−1}(fi) = fi + ∑ k⩾1 s^∗_kfi^{k+1} = u_1 ∈ U^2(˙S^3 ). Őąàăâĺň ćŋĺňăŋĺě, çâő s^∗_k ∈ S^∗ ŋě ŕàĺŋăďńěęăâ łőńìæã ~ ⊂ S^∗ ĺ âőńìłő (k + 1)! s^∗_k ∈ ~ (áň. [10]).

Ŕàĺ q ¿ 1 őŕĺáăŋĺě őďŋőňěàŋëå ŕàěďáâăćńěŋĺľ ăńčěąàë S ŋă P = U^∗(˙S^{2q+1} ) ⊗ Q ŕőńãçăěâáï, ěáńĺ ĺáŕőńìğőćăâì łăŋőŋĺçěáłĺě őâőąàăęěŋĺï

Œ_q : ˙S^{2q+1} → ˙SU (2q + 1) → BU;

áőőâćěâáâćãîéĺě őąàăğãîéěňã čőňőâőŕĺçěáłőľ čàãŕŕë ß_{2q+1}(SU (2q + 1)) = Z, čďě SU (2q + 1) { áŕěæĺăńìŋăï ãŋĺâăàŋăï čàãŕŕă, ĺ BU { ąěáłőŋěçŋőňěàŋőě ňŋőčőőąàăÄ ğĺě Čàăááňăŋă. Ŕàĺ ŕőáâàőěŋĺĺ őâőąàăęěŋĺľ Œ_q ĺáŕőńìğãěâáï âőâ äăłâ, çâő áőčńăáŋő ŕěàĺőďĺçŋőáâĺ Ąőââă BU ≈ ˙SU (∞).

Ćăęŋëľ ŕàĺňěà őďŋőňěàŋőčő Z-ŕàěďáâăćńěŋĺï ăńčěąàë Ţőŕäă S (čàăďãĺàőćăŋÄ ŋőčő) ŕőàőęďăěâáï čěőňěâàĺçěáłĺňĺ íńěňěŋâăňĺ u = x (áň. ćëèě) àăğňěàŋőáâĺ dim u = 2. Ŕàĺňěà őďŋőňěàŋőčő ~-ŕàěďáâăćńěŋĺï ăńčěąàë Ţőŕäă S (čàăďãĺàőćăŋŋőÄ čő) ŕőàőęďăěâáï íńěňěŋâăňĺ ćĺďă u = x—x, čďě —x { őąàăâŋëľ íńěňěŋâ ć äőàňăńìŋőľ čàãŕŕě, dim u = 4. Ğďěáì s_w(u) ŕàĺŋăďńěęĺâ łőńìæã ~[[u]]. Ŋă ŕőďőąŋëě íńěňěŋâë ŋăâïčĺćăěâáï ďćãğŋăçŋăï äőàňăńìŋăï čàãŕŕă, ćŕěàćëě ğăňěçěŋŋăï ć [11]. Ĺå ăńčěąÄ àăĺçěáłăï âěőàĺï ąëńă ŕőáâàőěŋă ć [12]. Ďńï áńãçăï dim u = 8, k = 2 ňë ňőęěň ćğïâì ~-ŕàěďáâăćńěŋĺě ŋă P = U^∗(CaP^2), čďě CaP^2 { ŕàőěłâĺćŋăï ŕńőáłőáâì Łíńĺ. Ďńï k ⩾ 3, ćěàőïâŋő, őďŋőňěàŋëå ŕàěďáâăćńěŋĺľ ćëáőâë k á dim u ¿ 4 ŋă łőńìæăå łőňŕńěłáŋëå łőąőàďĺğňőć ŕàőáâàăŋáâć ãęě ŋěâ. Ąëńő ąë ŕőńěğŋő íâő ďőłăğăâì.

Ğăďăçă. Ďăâì łńăááĺäĺłăæĺî őďŋőňěàŋëå Z-ŕàěďáâăćńěŋĺľ ĺ ~-ŕàěďáâăćńěŋĺľ ăńčěąàë S, čàăďãĺàőćăŋŋő łőààěłâŋëå, őâŋőáĺâěńìŋő ğăňěŋ

u = ¯(v) = v + ∑ i⩾1 ˘_iv^{i+1};

čďě ˘_i ∈ Z(ĺńĺ Q), ńĺąő ˘_i ∈ ~ (ĺńĺ ˘_i ∈ ~ ⊗ Q = S^∗ ⊗ Q).

Ŕàĺňěàë âăłĺå ŕàěďáâăćńěŋĺľ ŋăď ŋěłőâőàëňĺ ŕőďłőńìæăňĺ ć ~ ⊗ Q ĺğćńěłăîâáï ĺğ [13]. Őŋĺ ŕőàőęďăîâáï íńěňěŋâăňĺ u_n = x[x]_{”n} · · · [x]_”n−1_n , deg u_n = 2n, čďě ”_n

8 Ą. Ĺ. ĄŐŠĆĹŊŊĹŁ, Ć. Ň. ĄŞŢŸŠĂĄĚŘ, Ś. Ŕ. ŊŐĆĹŁŐĆ, Ś. Ă. đĞĆĹŊŚŁĹĽ

{ ŕěàćőőąàăğŋëľ łőàěŋì n-ľ áâěŕěŋĺ ĺğ ěďĺŋĺæë ĺ [x]_{”n} = g^{−1}(”_ng(x)) { čěőňěâàĺÄ çěáłĺľ íńěňěŋâ, ŕőńãçăěňëľ ćőğćěďěŋĺěň ć áâěŕěŋì ”_n ć äőàňăńìŋőľ čàãŕŕě f(x_1; x_2) čěőňěâàĺçěáłőčő íńěňěŋâă x. Łăł ŕőłăğăŋő ć [13], u_n ∈ ~_{{n}}[[x]], čďě ~_{{n}} = ~⊗Z_{{n}} ĺ Z_{{n}} ⊂ Q { łőńìæő àăæĺőŋăńìŋëå çĺáěń, ğŋăňěŋăâěńĺ łőâőàëå ćğăĺňŋő ŕàőáâë áő ćáěňĺ ŕàőáâëňĺ p, ďńï łőâőàëå ãàăćŋěŋĺě x^n = 1 ĺňěěâ ć âőçŋőáâĺ n àăğńĺçŋëå łőàÄ ŋěľ ć łőńìæě æěńëå p-ăďĺçěáłĺå çĺáěń. Ŋăŕàĺňěà, ŕàĺ n = 2 ňë ĺňěěň Z_{{2}} = Z ĺ ć íâőň áńãçăě ňë ŕőńãçăěň ~-ŕàěďáâăćńěŋĺě ďńï u = x—x, deg u = 4 (áň. ćëèě), áćïğăŋŋőě á ďćãğŋăçŋőľ äőàňăńìŋőľ čàãŕŕőľ. Őďŋőňěàŋëě čàăďãĺàőćăŋŋő łőààěłâÄ ŋëě ~_{{n}}-ŕàěďáâăćńěŋĺï ăńčěąàë S ŋă P = ~_{{n}}[[u_n]], čďě deg u_n = 2n, áćïğăŋë á n-ğŋăçŋëňĺ äőàňăńìŋëňĺ čàãŕŕăňĺ, ćŕěàćëě ğăňěçěŋŋëňĺ âăłęě ć àăąőâě [11]. ŔěàÄ ćëě àěğãńìâăâë ŕő ăńčěąàăĺçěáłőľ âěőàĺĺ ąëńĺ ŕőńãçěŋë ć [14]. Śőćàěňěŋŋőě áőáâőÄ ïŋĺě âěőàĺĺ ňŋőčőğŋăçŋëå čàãŕŕ áň. ć [15].

Ŕőńěğŋëľ ŕàĺňěà őďŋőňěàŋőčő Z-ŕàěďáâăćńěŋĺï ăńčěąàë Ţőŕäă S, čďě dim u = 2, ŋě íłćĺćăńěŋâŋőčő ďěľáâćĺî ŋă čěőňěâàĺçěáłőň íńěňěŋâě, ĺğćńěłăěâáï ĺğ àăąőâë [7]:

(11) s_{(1)}(u) = u^2; s_{(n)}(u) = 0; n ⩾ 2

(ŋăŕőňŋĺň, çâő ŋă čěőňěâàĺçěáłőň íńěňěŋâě ŕàěďáâăćńěŋĺě ïćńïěâáï ďàãčĺň, áň. (4), { âăłĺň, çâő s_{(n)}(u) = u^{n+1}). Ŋěŕőáàěďáâćěŋŋő ĺğ (11) áńěďãěâ çâő íâő ŕàěďáâăćńěŋĺě ăńčěąàë S ŋă P = Z[u] őŕàěďěńïěâáï ďĺääěàěŋæĺăńìŋëňĺ őŕěàăâőàăňĺ

s_{(1)} → u^2 d du ; s_{(n)} → 0; n ⩾ 2:

Őąàăğ ăńčěąàë Ţőŕäă S ŋăď Zŕàĺ íâőň ŕőàőęďěŋ őŕěàăâőàăňĺ^1_{n!} (u^2d=du)^n.

Ćëďěńĺň őáőąő âăłĺě ŕàěďáâăćńěŋĺï, čďě P ěáâì ăńčěąàă ŕőńĺŋőňőć őâ őąàăğãîÄ éěľ őâàĺæăâěńìŋőľ àăğňěàŋőáâĺ, P = Z[u] (Q[u]) ĺńĺ P = ~[u] (~ ⊗ Q[u]), dim u = −2q ¡ 0.

Ŕàĺňěà. Ŕãáâì ğăďăŋ ąăğĺáŋëľ íńěňěŋâ u ∈ ~ = ˙^U àăğňěàŋőáâĺ (−2) ĺńĺ (−4). Ďńï u ∈ ~^{−2} ňë ąěàěň u = [C P^1 ]. Ďńï u ∈ ~^{−4} ňë ąěàěň âăłőě u, çâő s_{(1)}(u) = 0. Ğďěáì u = 3[C P^1 ]^2 − 4[C P^2 ]. Ďěľáâćĺě ăńčěąàë S ŋă íńěňěŋâ u áćőďĺâáï ł çĺáńăň s_w(u) ∈ Z, deg w = 2. Ćőğŋĺłăěâ őďŋőňěàŋőě Z-ŕàěďáâăćńěŋĺě ăńčěąàë S.

2. Őŕěàăâőàë ďěńěŋĺï ĺ ãňŋőęěŋĺï

Ŕěàěľďěň âěŕěàì ł ŕőáâàőěŋĺî ăńčěąàăĺçěáłőčő ăŕŕăàăâă, ŕőğćőńïîéěčő ŕőńãçăâì ŕàĺňěàë áâăąĺńìŋëå ăááőæĺăâĺćŋëå ãňŋőęěŋĺľ ć łőňŕńěłáŋëå łőąőàďĺğňăå. Ćáě ćëÄ çĺáńěŋĺï ňë ąãďěň ŕàőćőďĺâì ć łăâěčőàĺĺ ňőďãńěľ ŋăď ŋěłőâőàëň łőňňãâăâĺćŋëň ăááőæĺăâĺćŋëň łőńìæőň K (\çĺáńă") á ěďĺŋĺæěľ 1 ∈ K, ŕàĺçěň áăňĺ ňőďãńĺ ąãďãâ âăłęě łőňňãâăâĺćŋëňĺ ăááőæĺăâĺćŋëňĺ łőńìæăňĺ R á ěďĺŋĺæěľ 1 ĺ K ⊂ R. Ňë ŕàěďÄ ŕőńăčăěň, çâő K ĺ R ŋě ĺňěîâ ďěńĺâěńěľ ŋãńï. Ćáě őŕěàăâőàë ŋĺęě ąãďãâ K-ńĺŋěľŋë.

Őŕàěďěńěŋĺě 3. Ńĺŋěľŋëľ őŕěàăâőà @ : R → R ŋăğëćăěâáï àăğŋőáâŋőľ ŕàőĺğÄ ćőďŋőľ, ěáńĺ őŋ ŋě ïćńïěâáï âőęďěáâćěŋŋő ŋãńěćëň ĺ ãďőćńěâćőàïěâ âőęďěáâćã

(12) @(xy) = (@x)y + x(@y) − ff(@x)(@y);

čďě ff ∈ R { ŋěłőâőàëľ äĺłáĺàőćăŋŋëľ íńěňěŋâ, ŋěőąàăâĺňëľ ć R.

Ŋěŕőáàěďáâćěŋŋő ĺğ (12) ćëâěłăěâ, çâő ŕàĺ ŋăèĺå ŕàěďŕőńőęěŋĺïå @(1) = 0 ďńï ńîąőčő őŕěàăâőàă àăğŋőáâŋőľ ŕàőĺğćőďŋőľ.

Őŕěàăâőà ß ŋăğëćăěâáï ňãńìâĺŕńĺłăâĺćŋëň, ěáńĺ ß(xy) = ß(x)ß(y).

ĂŃČĚĄŘĂĹŮĚŚŁĹĚ ĂŚŔĚŁŠŻ ŠĚŐŘĹĹ ŞŇŊŐĘĚŊĹĽ 9

Ńěňňă 4. Ńĺŋěľŋëľ őŕěàăâőà @ ïćńïěâáï őŕěàăâőàőň àăğŋőáâŋőľ ŕàőĺğćőďÄ ŋőľ, ěáńĺ ĺ âőńìłő ěáńĺ őŕěàăâőà ß = 1 − ff@ ňãńìâĺŕńĺłăâĺćěŋ.

Ďőłăğăâěńìáâćő. Ŕãáâì @ { őŕěàăâőà àăğŋőáâŋőľ ŕàőĺğćőďŋőľ. Šőčďă ŕő őŕàěÄ ďěńěŋĺî ňë ĺňěěň

ß(xy) = xy − ff@(xy) = xy − ff(@x)y − ffx(@y) + ff^2(@x)(@y) = (x − ff@x)(y − ff@y) = ß(x)ß(y):

Őąàăâŋőě ãâćěàęďěŋĺě âăłęě ŕàőćěàïěâáï ŋěŕőáàěďáâćěŋŋő. Šěň áăňëň, ńěňňă 4 ďőÄ łăğăŋă.

Ĺğ ńěňňë 4 ćëâěłăěâ ňőâĺćĺàőćłă âěàňĺŋă őŕěàăâőà àăğŋőáâŋőľ ŕàőĺğćőďŋőľ.

Ńěňňă 5. Ěáńĺ @ { őŕěàăâőà àăğŋőáâŋőľ ŕàőĺğćőďŋőľ âăłőľ, çâő @^2 = fl@, čďě fl ∈ R, âő (1 − fffl)@(ff) = 2 − fffl. Ć çăáâŋőáâĺ, ěáńĺ @^2 = 0, âő @(ff) = 2.

Ďőłăğăâěńìáâćő. Ŕő őŕàěďěńěŋĺî ĺňěěň:

@^2(xy) = @ ( (@x)y + x(@y) − ff(@x)(@y) ) = (@^2x)y + (@x)(@y) − ff(@^2x)(@y) + (@x)(@y) + x(@^2y) − ff(@x)(@^2y) − (@ff)(@x)(@y) − ff@ ( (@x)(@y) ) + ff(@ff)@ ( (@x)(@y) ) : Ĺğ ãáńőćĺï @^2 = fl@, ŕőńãçăěň

(1 − fffl)[(1 − fffl)@(ff) − (2 − fffl)]@x@y = 0:

Šăł łăł @ ŋě ěáâì âőęďěáâćěŋŋő ŋãńěćőľ őŕěàăâőà, ďěńĺâěńěľ ŋãńï ŋěâ ć łőńìæě R ĺ ff ŋěőąàăâĺňëľ íńěňěŋâ, âő íâő âőęďěáâćő ďăěâ ďőłăğăâěńìáâćő ńěňňë.

Ńěňňă 6. Őŕěàăâőà àăğŋőáâŋőľ ŕàőĺğćőďŋőľ @ ãďőćńěâćőàïěâ ãáńőćĺî @^2 = fl@, ěáńĺ ĺ âőńìłő ěáńĺ ß^2 = 1 ĺ ß(ff) = −ff=(1 − fffl), čďě ß = 1 − ff@.

Ďőłăğăâěńìáâćő. Śőčńăáŋő ńěňňě 4 őŕěàăâőà ß { ňãńìâĺŕńĺłăâĺćěŋ, ŕőíâőňã:

ß^2x = ß(x − ff@x) = ß(x) − ß(ff)ß(@x)

(13) = x − ff@x − ß(ff)@x + ffß(ff)@^2x = x − (ff + ß(ff))@x + ffß(ff)@^2x:

Ŕãáâì @^2 = fl@. Šőčďă áőčńăáŋő ńěňňě 5 ňë ĺňěěň: @(ff) = (2 − fffl)=(1 − fffl) ĺ, áńěďőćăâěńìŋő, ß(ff) = ff − ff@ff = −ff=(1 − fffl). Šăłĺň őąàăğőň, ĺğ @^2 = fl@ ćëâěłăěâ, çâő ß^2x = x ďńï ćáěå x. Ŋăőąőàőâ, ěáńĺ ß^2 = 1 ĺ ß(ff) = −ff=(1 − fffl), âő áőčńăáŋő (13) ŕőńãçăěň, çâő @^2 = fl@. Ńěňňă ďőłăğăŋă.

Ć àăááňăâàĺćăěňëå ğďěáì łőŋáâàãłæĺïå áőďěàęăâěńìŋő łőńìæő R ňőďěńĺàãěâáï łăł łőńìæő äãŋłæĺľ ŋă łăłőň-âő ŕàőáâàăŋáâćě, ňãńìâĺŕńĺłăâĺćŋëľ őŕěàăâőà ß ňőďěńĺÄ àãěâáï łăł őŕěàăâőà âĺŕă áďćĺčă áăňőčő ŕàőáâàăŋáâćă ĺńĺ łăłőčő-âő ďàãčőčő ěčő čőÄ ňěőňőàäĺğňă. Ŕàăćďă, âăłăï ĺŋâěàŕàěâăæĺï åőàőèă, ěáńĺ őŕěàăâőà ß őąàăâĺň. İâőâ őŕěàăâőà ß ć ćăęŋëå ŕàĺňěàăå őłăğëćăěâáï ŕàőěłâőàőň ß^2 = ß. Ďńï ŕőáâàőěŋĺï ňãńìâĺŕńĺłăâĺćŋëå ŕàőěłâőàőć ć [5; á. 887], ććőďĺńĺáì \őŕěàăâőàë ďěńěŋĺï ŋă íńěÄ ňěŋâ ff" ĺáåőďï ĺğ âőęďěáâćă (12) ĺ âàěąőćăŋĺï @(ff) = 1. Ć [16] ąëńă ŕőńãçěŋă łńăáÄ áĺäĺłăæĺï ćáěå âăłĺå őŕěàăâőàőć (áň. ńěňňã 12 ŋĺęě) ĺ ŕőłăğăŋő,çâő ćáě ŕőáâàőěŋŋëě ŕőğęě ĺğćěáâŋëě ŕàőěłâőàë (Ăďăňáă ĺ Łćĺńńěŋă) ć âěőàĺĺ łőňŕńěłáŋëå łőąőàďĺğňőć ŕőńãçăîâáï łăł łőňŕőğĺæĺĺ őŕěàăâőàőć Ŋőćĺłőćă ďěńěŋĺï ŋă íńěňěŋâ ff, ďńï áőőâćěâÄ áâćãîéĺň őąàăğőň ćëąàăŋŋőčő ňŋőęěáâćă íńěňěŋâőć ff.

10 Ą. Ĺ. ĄŐŠĆĹŊŊĹŁ, Ć. Ň. ĄŞŢŸŠĂĄĚŘ, Ś. Ŕ. ŊŐĆĹŁŐĆ, Ś. Ă. đĞĆĹŊŚŁĹĽ

Ńěňňă 7. Őŕěàăâőà àăğŋőáâŋőľ ŕàőĺğćőďŋőľ @ ïćńïěâáï őŕěàăâőàőň ďěńěÄ ŋĺï ŋă ff (â.ě. @(ff) = 1), ěáńĺ ĺ âőńìłő ěáńĺ łőňŕőğĺæĺï őŕěàăâőàőć @ff ěáâì ěďĺŋĺçŋëľ őŕěàăâőà ĺ, âăłĺň őąàăğőň, ß(x) = (@ff − ff@)(x) = [@; ff](x):

Ďőłăğăâěńìáâćő. Ŕő őŕàěďěńěŋĺî ňë ĺňěěň @ff(x) = @(ffx) = (@(ff))x + ff(@x) − ff(@(ff))(@x):

Ŕãáâì @(ff) = 1, âőčďă @ffx = x + ff(@x) − ff(@x) = x. Őąàăâŋő, ŕãáâì ňë ĺňěěň ãáńőćĺě @(ff) = 1 ĺńĺ @(ffx) = x. Őâáîďă ŕőńãçăěň @(ffx) = (@(ff))x + ff(@x) − ff@(ff)(@x) = x:

Śńěďőćăâěńìŋő, (1 − @(ff))x = ff(@x)(1 − @(ff)); ĺńĺ (14) (1 − @(ff))[x − ff(@x)] = 0:

Ŕőńăčăï ć (14) x = 1 ĺ ĺáŕőńìğãï àăćěŋáâćő @(1) = 0, ŕőńãçăěň, çâő @(ff) = 1. Ńěňňă ďőłăğăŋă.

Ćő ćáěå ćăęŋëå ďńï ŋăá ŕàĺňěàăå łőńěæ R őŋĺ ãďőćńěâćőàïîâ áńěďãîéěňã ãáńőÄ ćĺî: ěáńĺ ff ∈ R { ŋěőąàăâĺňëľ íńěňěŋâ, âő ⋂ n(ff^nR) = 0, čďě (ffR) ⊂ R { ĺďěăń, ŕőàőęďěŋŋëľ íńěňěŋâőň ff. Ąãďěň ŕàěďŕőńăčăâì, çâő íâő ãáńőćĺě ćëŕőńŋïěâáï ďńï àăááňăâàĺćăěňëå ŋĺęě łőńěæ R.

Ńěňňă 8. Ŕãáâì @ { őŕěàăâőà àăğŋőáâŋőľ ŕàőĺğćőďŋőľ. Šőčďă ňãńìâĺŕńĺÄ łăâĺćŋëľ őŕěàăâőà ß = 1 − ff@ ĺňěěâ ŋěâàĺćĺăńìŋőě ïďàő, ěáńĺ ĺ âőńìłő ěáńĺ @ ïćńïěâáï őŕěàăâőàőň ďěńěŋĺï.

Ďőłăğăâěńìáâćő. Ŕãáâì @ { őŕěàăâőà ďěńěŋĺï, â.ě. @(ff) = 1. Šőčďă ß(ff) = ff − ff@(ff) = 0. Ŕãáâì âěŕěàì @(ff) ≠ 1 ĺ áãéěáâćãěâ íńěňěŋâ x ≠ 0 âăłőľ, çâő ß(x) = 0. Ďńï âăłőčő x ĺňěěň: x = ff@x:

Ŕàĺňěŋïï őŕěàăâőà @, ŕőńãçăěň @x = @(ff)@x + ff@^2x − ff@(ff)@^2x:

Śńěďőćăâěńìŋő, (1 − @(ff))@x = ff(1 − @(ff))@^2x:

Šăł łăł @(ff) ≠ 1, âő @x = ff@^2x:

Ŕő ĺŋďãłæĺĺ ŕőńãçăěň, çâő ďńï ńîąőčő æěńőčő k ⩾ 0 ĺňěěâ ňěáâő áőőâŋőèěŋĺě @^kx = ff@^{k+1}x;

ĺğ łőâőàőčő ćëâěłăěâ, çâő x = ff^k@^kx ďńï ćáěå k ⩾ 0, â.ě. x ∈ ⋂ k(ff^kR). Ŋő ć ŋăèĺå łőńìæăå íâő ćőğňőęŋő, âőńìłő ěáńĺ x = 0. Ńěňňă ďőłăğăŋă.

ĂŃČĚĄŘĂĹŮĚŚŁĹĚ ĂŚŔĚŁŠŻ ŠĚŐŘĹĹ ŞŇŊŐĘĚŊĹĽ 11

Śńěďáâćĺě 2. Ŕãáâì @ { őŕěàăâőà àăğŋőáâŋőľ ŕàőĺğćőďŋőľ. ŇãńìâĺŕńĺłăÄ âĺćŋëľ őŕěàăâőà ß = 1 − ff@ ïćńïěâáï ŕàőěłâőàőň, ß^2 = ß, ěáńĺ ĺ âőńìłő ěáńĺ @ { őŕěàăâőà ďěńěŋĺï ŋă íńěňěŋâ ff.

Ďőłăğăâěńìáâćő. Ŕãáâì @ { őŕěàăâőà ďěńěŋĺï ŋă íńěňěŋâ ff, âőčďă ß(ff) = 0 ĺ ß^2x = ß(x − ff@x) = ßx. Őąàăâŋő, ŕãáâì ß^2 = ß. Šőčďă ß(ßx − x) = 0 ďńï ńîąőčő x, ĺ áőčńăáŋő ńěňňě 8 ňë ŕőńãçăěň, çâő ßx = x. Ŋő íâő ŋěćőğňőęŋő, âăł łăł ff ≠ 0. Śńěďáâćĺě ďőłăğăŋő.

Ńěňňă 9. Ŕàĺ äĺłáĺàőćăŋŋőň ff ∈ R ňŋőęěáâćő ňãńìâĺŕńĺłăâĺćŋëå őŕěÄ àăâőàőć ˝_ff(R), áőáâőïéěě ĺğ âăłĺå ß ∈ ˝_ff(R), çâő ß = 1 − ff@, őąàăğãěâ ŕőďŕőńãčàãŕŕã ć ŕőńãčàãŕŕě ˝(R) ćáěå ňãńìâĺŕńĺłăâĺćŋëå őŕěàăâőàőć R → R őâŋőáĺâěńìŋő őŕěàăæĺĺ áãŕěàŕőğĺæĺĺ (ß_1 ∘ ß_2)(u) = ß_1(ß_2(u)). Ďńï áőőâćěâÄ áâćãîéĺå őŕěàăâőàőć àăğŋőáâŋőľ ŕàőĺğćőďŋőľ íâă őŕěàăæĺï ĺňěěâ ćĺď

(15) @_1 ∘ @_2 = @_1 + @_2 − @_1(ff@_2); 1 − ff@_i = ß_i; i = 1; 2:

Ďőłăğăâěńìáâćő. Ŕő őŕàěďěńěŋĺî ĺňěěň:

(ß_1 ∘ ß_2)(u) = u − ff@_1 ∘ @_2(u):

Šőčďă

ff@_1 ∘ @_2(u) = u − ß_1 ∘ ß_2(u) = u − ß_1(ß_2(u)) = u − ß_1(u − ff@_2(u)) = u − (u − ff@_2(u)) + ff@_1[u − ff@_2(u)] = ff[@_1(u) + @_2(u) − @_1(ff@_2)(u)]:

Śńěďőćăâěńìŋő, @_1 ∘ @_2 = @_1 + @_2 − @_1(ff@_2):

Ńěňňă ďőłăğăŋă.

Ŕàĺćěďěň ŋěłőâőàëě ĺğćěáâŋëě ŕàĺňěàë őŕěàăâőàőć àăğŋőáâŋőľ ŕàőĺğćőďŋőľ. 1) Ŕãáâì R { łőńìæő àïďőć őâ ŕěàěňěŋŋőľ x, R = K[[x]]. Ťĺłáĺàãěň ff(x) ĺ (x) ĺğ R, čďě ff(0) = 0.

Ŕőńőęĺň ďńï p ∈ R @p(x) = p(x) − p(x − ff(x)(x)) ff(x) : İâőâ őŕěàăâőà ćáěčďă őąńăďăěâ áćőľáâćőň (12), â.ě. íâő { őŕěàăâőà àăğŋőáâŋőľ ŕàőĺğÄ ćőďŋőľ. Őçěćĺďŋő, ňë ŕőńãçăěň

ßp(x) = p(x) − ff p(x) − p(x − ff(x)(x)) ff = p(x − ff(x)(x)):

İâő ćáěčďă őąëçŋëľ áďćĺč ăàčãňěŋâă.

2) Ŕãáâì R = K[[x; y]] ĺ ff = x − y. Ňë ŕőńăčăěň

(16) @p(x; y) = p(x; y) − p(y; x) x − y : Ğďěáì ß(p(x; y)) = p(y; x), â.ě. ß^2 = 1 ĺ @^2 = 0.

12 Ą. Ĺ. ĄŐŠĆĹŊŊĹŁ, Ć. Ň. ĄŞŢŸŠĂĄĚŘ, Ś. Ŕ. ŊŐĆĹŁŐĆ, Ś. Ă. đĞĆĹŊŚŁĹĽ

Ďńï R = K[[x_1; : : : ; x_n]] őŕàěďěńïîâáï őŕěàăâőàë @_{ij} , čďě

@_{ij} p(x_1; : : : ; x_n) = p(: : : x_i : : : x_j : : : ) − p(: : : x_j : : : x_i : : : ) x_i − x_j : İâĺ őŕěàăâőàë ŋăèńĺ ćăęŋőě ŕàĺńőęěŋĺě ć âěőàĺĺ łőčőňőńőčĺľ ňŋőčőőąàăğĺľ äńăÄ čőć [17]. Őŋĺ çăáâő ĺáŕőńìğãîâáï ĺ ŋăğëćăîâáï \divided di¸erence operators". Ĺå ăńčěąàă őçěŋì łàăáĺćă.

Ŕãáâì f(x; y) ∈ K[[x; y]] { àïď, ğăďăîéĺľ ŋěłőâőàãî äőàňăńìŋãî čàãŕŕã ŋăď K. Ćőğìňěň ff = f(x; —y), čďě —y { őąàăâŋëľ íńěňěŋâ ć äőàňăńìŋőľ čàãŕŕě f(x; y). Ťőàňãńă

(17) @p(x; y) = p(x; y) − p(y; x) f(x; —y)

ğăďăěâ őŕěàăâőà àăğŋőáâŋőľ ŕàőĺğćőďŋőľ ć R = K[[x; y]]. Ğďěáì ß(p(x; y)) = p(y; x), ß^2 = 1 ĺ @^2 = fl@, čďě fl ∈ K[[x; y]]. Šăł, ŕàĺ f(x; y) = x + y − axy, a ∈ K, ňë ĺňěěň @^2 = a@. Őŕěàăâőàë (17), čďě f(x; y) { äőàňăńìŋăï čàãŕŕă čěőňěâàĺçěáłĺå íńěňěŋâőć, ŋăèńĺ ŕàĺńőęěŋĺï ć âěőàĺĺ łőňŕńěłáŋëå łőąőàďĺğňőć [18], [19].

Ŕàĺňěàë 1) ĺ 2) ďăîâ çăáâŋëě áńãçăĺ áńěďãîéěľ łőŋáâàãłæĺĺ. Ŕãáâì R = K[[x_1; : : : ; x_n]]. Ťĺłáĺàãěň ff(x) ∈ R, čďě ff(0) = 0, ĺ ćěłâőà-äãŋłæĺî

(x) = (_1(x); : : : ; _n(x));

čďě _k(x) ∈ R, k = 1; : : : ; n. Ğďěáì x = (x_1; : : :; x_n).

Ŕőńőęĺň ďńï p ∈ R:

@p(x) = 1 ff(x) ( p(x) − p(x − ff(x)(x)) ) : Ŕőńãçăěň:

ßp(x) = p(x − ff(x)(x)):

Ŋăĺąőńìèĺě ŕàĺńőęěŋĺï ŋăèńĺ áńãçăĺ, łőčďă ff(x) = ⟨x; ¸⟩ =

∑_n i=1 x_i¸^i ĺ (i) (x) =^¸_{⟨¸;¸⟩} , ğďěáì ß_¸p(x) = p ( x − ⟨x; ¸⟩^¸_{⟨¸;¸⟩} ) { ŕàőěłâőà, ß^2_¸ = ß_¸ ĺ @ = @_¸ { őŕěàăâőà ďěńěŋĺï ŋă ⟨x; ¸⟩,

(ii) (x) = 2^¸_{⟨¸;¸⟩} , ğďěáì ß_¸p(x) = p ( x−2⟨x; ¸⟩^¸_{⟨¸;¸⟩} ) ãďőćńěâćőàïěâ ãáńőćĺî ß^2_¸ = 1 ĺ @^2_¸ = 0.

İâő őŕěàăâőàë, őŕàěďěńïěňëě őâàăęěŋĺïňĺ őâŋőáĺâěńìŋő ŕőďŕàőáâàăŋáâć V = {x | ⟨x; ¸⟩ = 0}. Őŋĺ ĺáŕőńìğãîâáï ŕàĺ őŕàěďěńěŋĺĺ ĺğćěáâŋëå őŕěàăâőàőć ĎăŋłÄ ńă [20].

Ćëąĺàăï áőőâćěâáâćãîéĺě łőŋäĺčãàăæĺĺ ćěłâőàőć ¸_1; : : : ; ¸_k, ŕőńãçăîâ ĺŋâěàěáÄ ŋëě ăńčěąàë őŕěàăâőàőć @_{¸l} , l = 1; : : : ; k.

3) Ŕãáâì Œ: R → R { łőńìæěćőľ čőňőňőàäĺğň. Śőčńăáŋő [21] Œ-ďĺääěàěŋæĺàőćăŋĺÄ ěň ăńčěąàë R ŋăğëćăěâáï âăłőľ őŕěàăâőà ffi : R → R, çâő

(18) ffi(ab) = Œ(a)ffi(b) + ffi(a)b:

ĂŃČĚĄŘĂĹŮĚŚŁĹĚ ĂŚŔĚŁŠŻ ŠĚŐŘĹĹ ŞŇŊŐĘĚŊĹĽ 13

Őŕàěďěńěŋĺě 4. Řăáèĺàěŋĺěň Őàě łőńìæă R ŋăğëćăěâáï ăńčěąàă, ăďďĺâĺćŋő ĺğőÄ ňőàäŋăï R[t], âăłăï, çâő R ⊂ R[t] ĺ

(19) ta = Œ(a)t + ffi(a):

Ĺňěěâ ňěáâő

Ńěňňă 10. Őŕěàăâőà àăğŋőáâŋőľ ŕàőĺğćőďŋőľ @, ãďőćńěâćőàïîéĺľ âőęÄ ďěáâćã (12):

@(ab) = (@a)b + a(@b) − ff(@a)(@b);

ff ∈ R, ïćńïěâáï Œ-ďĺääěàěŋæĺàőćăŋĺěň Őàě, čďě Œ = ß = 1 − ff@ : R → R.

Ďőłăğăâěńìáâćő ńěňňë ŕőńãçăěâáï ŕàïňőľ íńěňěŋâăàŋőľ ŕàőćěàłőľ. Ŕěàěľďěň âěŕěàì ł ŕőáâàőěŋĺî ŋőćëå K-ąĺńĺŋěľŋëå ăááőæĺăâĺćŋëå ãňŋőęěŋĺľ ć łőńìæě R.

Šěőàěňă 1. Őŕěàăæĺï

(20) ¯_1(x; y) = ß_1(x)ß_2(y) = xy − ff_1@_1(x)y − ff_2@_2(y)x + ff_1ff_2@_1(x)@_2(y);

čďě @_1, @_2 { őŕěàăâőàë àăğŋőáâŋőľ ŕàőĺğćőďŋőľ, áőőâćěâáâćãîéĺě íńěňěŋâăň ff_1; ff_2 ∈ R, ğăďăěâ ăááőæĺăâĺćŋőě ãňŋőęěŋĺě, ěáńĺ ĺ âőńìłő ěáńĺ őŕěàăâőàë @_1 ĺ @_2 ïćńïîâáï őŕěàăâőàăňĺ ďěńěŋĺï, ĺ áőőâćěâáâćãîéĺě ňãńìâĺŕńĺłăâĺćŋëě őŕěàăâőàë ß_1 ĺ ß_2 łőňňãâĺàãîâ, â.ě. ß_1ß_2 = ß_2ß_1. Ć çăáâŋőáâĺ, łăęďëľ őŕěàăâőà ďěńěŋĺï @ ğăďăěâ ăááőæĺăâĺćŋőě ãňŋőęěŋĺě ¯(x; y) = ß(x)ß(y), čďě ß = 1 − ff@. Şňŋőęěŋĺě ¯_1(x; y) łőňňãâăâĺćŋő, ěáńĺ ĺ âőńìłő ěáńĺ ß_1 = ß_2.

Ďőłăğăâěńìáâćő. Ŕőńőęĺň

x ∘ y = ¯_1(x; y) = ß_1(x)ß_2(y):

Šőčďă

(21) (x ∘ y) ∘ z = ß_1(x ∘ y)ß_2(z) = ß^2_1 (x)ß_1(ß_2(y))ß_2 (z):

Ŕãáâì őŕěàăâőàë àăğŋőáâŋőľ ŕàőĺğćőďŋőľ @_1 ĺ @_2 ïćńïîâáï őŕěàăâőàăňĺ ďěńěŋĺï, â.ě. @_1(ff_1) = @_2(ff_2) = 1 ĺ, áńěďőćăâěńìŋő, ß^2_1 = ß_1, ß^2 = ß_2. Ć íâőň áńãçăě ŕàĺ ďőÄ ŕőńŋĺâěńìŋőň ãáńőćĺĺ ß_1ß_2 = ß_2ß_1 ňë ŕőńãçăěň, ĺáŕőńìğãï (21), çâő ãňŋőęěŋĺě ¯_1 ăááőæĺăâĺćŋő.

Ŋăőąőàőâ, ŕãáâì ¯_1 { ăááőæĺăâĺćŋőě ãňŋőęěŋĺě, âőčďă ĺğ ãáńőćĺï

(x ∘ 1) ∘ 1 = x ∘ (1 ∘ 1)

ŕőńãçăěň:

ß^2_1(x)ß_1(ß_2(1))ß_2(1) = ß_1(x)ß_2(ß_1(1))ß^2 (1):

Śńěďőćăâěńìŋő, ß^2_1 = ß_1, âăł łăł ß(1) = 1 ďńï ńîąőčő ňãńìâĺŕńĺłăâĺćŋőčő őŕěàăâőÄ àă ß. Ăŋăńőčĺçŋő ŕőńãçăěň, çâő ß^2 = ß_2.

Ĺğ ãáńőćĺï: (1 ∘ y) ∘ 1 = 1 ∘ (y ∘ 1) ćëâěłăěâ, çâő ß_1ß_2 = ß_2ß_1. Ĺáŕőńìğãï âěŕěàì áńěďáâćĺě 2, ŕőńãçăěň, çâő őŕěàăâőàë @_1 ĺ @_2, áőőâćěâáâćãîéĺě őŕěàăâőàăň ß_1 ĺ ß_2, ïćńïîâáï őŕěàăâőàăňĺ ďěńěŋĺï.

Ĺ ŋăłőŋěæ, ěáńĺ ãňŋőęěŋĺě ¯_1(x; y) łőňňãâăâĺćŋő, âő ĺğ ãáńőćĺï x ∘ 1 = 1 ∘ x ŕőÄ ńãçăěň, çâő íâő ćőğňőęŋő, ěáńĺ ĺ âőńìłő ěáńĺ ß_1 = ß_2. Šěőàěňă ďőłăğăŋă.

14 Ą. Ĺ. ĄŐŠĆĹŊŊĹŁ, Ć. Ň. ĄŞŢŸŠĂĄĚŘ, Ś. Ŕ. ŊŐĆĹŁŐĆ, Ś. Ă. đĞĆĹŊŚŁĹĽ

Šěőàěňă 2. Őŕěàăæĺï

(22) ¯_2(x; y) = xy + fi@(x)@(y); fi ∈ R;

čďě @ { őŕěàăâőà àăğŋőáâŋőľ ŕàőĺğćőďŋőľ, áőőâćěâáâćãîéĺľ íńěňěŋâã ff ∈ R ĺ fi ŋěłőâőàëľ íńěňěŋâ ĺğ R, ğăďăěâ ăááőæĺăâĺćŋőě ãňŋőęěŋĺě, ěáńĺ ĺ âőńìłő ěáńĺ ćëŕőńŋěŋő őďŋő ĺğ áńěďãîéĺå ãáńőćĺľ:

(i) őŕěàăâőà @ ïćńïěâáï őŕěàăâőàőň ďěńěŋĺï ĺ ß(fi) = 0, čďě ß = 1 − ff@; (ii) őŕěàăâőà @ ŋě ïćńïěâáï őŕěàăâőàőň ďěńěŋĺï ĺ @^2x@y = @x@^2y ďńï ńîąëå íńěňěŋâőć x; y ∈ R.

Ć çăáâŋőáâĺ, ãáńőćĺě (ii) ćëŕőńŋïěâáï, ěáńĺ @^2 = fl@.

Őąàăâĺň ćŋĺňăŋĺě, çâő ãáńőćĺě ii) ŋě ğăćĺáĺâ őâ ćëąőàă fi, â.ě. fi ć íâőň áńãçăě ŕàěďáâăćńïěâ áőąőľ ŋěğăćĺáĺňëľ ŕăàăňěâà ďěäőàňăæĺĺ, áćïğëćăîéĺľ ĺáåőďŋőě ãňŋőęěŋĺě ć łőńìæě R á ŋőćëň ãňŋőęěŋĺěň.

Ďőłăğăâěńìáâćő. Ŕőńőęĺň

x ∘ y = ¯_1(x; y) = xy + fi@x@y:

Šőčďă

(x ∘ y) ∘ z = (xy + fi@x@y)z + fi@(xy + fi@x@y)@z = xyz + fi ( (@x@y)z + (@x)y@z + x@y@z ) − fiff@x@y@z + fi ( @fi@x@y@z + fi@(@x@y)@z − ff@fi@(@x@y)@z ) : Śńěďőćăâěńìŋő, ãňŋőęěŋĺě ¯_2 ăááőæĺăâĺćŋő, ěáńĺ ĺ âőńìłő ěáńĺ ćëŕőńŋïěâáï áőőâŋőÄ èěŋĺě

(23) (fi − ff@fi) ( @(@x@y)@z − @x@(@y@z) ) = 0 ďńï ćáěå x; y; z ∈ R.

Ŕãáâì @ ïćńïěâáï őŕěàăâőàőň ďěńěŋĺï, â.ě. @(ff) = 1. Ćőğìňěň x = ff^2, y = z = ff. Ĺňěěň: @(ff^2) = 2ff@ff − ff(@ff)^2 = ff ĺ, áńěďőćăâěńìŋő, @^2(ff^2) = 1. Ŕàĺ ćëąàăŋŋëå ğŋăçěŋĺïå x; y; z, ãçĺâëćăï, çâő @(1) = 0, áőőâŋőèěŋĺě (23) ŕěàěåőďĺâ ć áőőâŋőèěŋĺě ß(fi) = fi − ff@fi = 0. Şâćěàęďěŋĺě (i) ďőłăğăŋő.

Ŕãáâì âěŕěàì @ ŋě ïćńïěâáï őŕěàăâőàőň ďěńěŋĺï. Šőčďă áőčńăáŋő ńěňňě 8 ĺňěěň: ß(fi) ≠ 0, ěáńĺ fi ≠ 0. Šăł łăł

@(@x@y) = @^2x@y + @x@^2y − ff@^2x@y;

âő ŕàőáâăï ćëłńăďłă ŕőłăğëćăěâ, çâő ãáńőćĺě (23) íłćĺćăńěŋâŋő ãáńőćĺî:

(24) (@^2x@z − @z@^2 z)(@y − ff@^2y) = 0

ďńï ćáěå x; y; z ∈ R. Ğăňěâĺň, çâő @y − ff@^2y = ß@y. Šăł łăł, ŕő ŕàěďŕőńőęěŋĺî, ß ŋě ïćńïěâáï őŕěàăâőàőň ďěńěŋĺï, âő ãáńőćĺě ß@(y) = 0 íłćĺćăńěŋâŋő ãáńőćĺî @y = 0 ďńï ćáěå y ∈ R, çâő ŋěćőğňőęŋő. Śńěďőćăâěńìŋő, ãáńőćĺě (24) íłćĺćăńěŋâŋő ãáńőćĺî: @^2x@z = @z@^2 z. Şâćěàęďěŋĺě (ii) ĺ ćňěáâě á ŋĺň âěőàěňă ďőłăğăŋë.

Ŕàĺćěďěň ěéě őďŋã çĺáâő ăńčěąàăĺçěáłãî łőŋáâàãłæĺî ŋőćőčő ăááőæĺăâĺćŋőčő ãňÄ ŋőęěŋĺï, ŕőďáłăğăŋŋãî âěőàĺěľ łőňŕńěłáŋëå łőąőàďĺğňőć (áň. [22]).

ĂŃČĚĄŘĂĹŮĚŚŁĹĚ ĂŚŔĚŁŠŻ ŠĚŐŘĹĹ ŞŇŊŐĘĚŊĹĽ 15

Šěőàěňă 3. Ŕãáâì ˝ : R → R ĺ ffi : R → R { ńĺŋěľŋëě őŕěàăâőàë âăłĺě, çâő 1) ˝^2 = ˝, ffi˝ = ffi, 2) ffi(˝x˝y) = ffix(˝y) + (˝x)ffiy − ff(ffix)(ffiy), 3) ˝((˝x)(˝y)) = (˝x)(˝y) + fi(ffix)(ffiy) ďńï ŋěłőâőàëå íńěňěŋâőć ff ĺ fi ĺğ R. Šőčďă őŕěàăæĺï ¯(x; y) = ˝((˝x)(˝y)) = (˝x)(˝y) + fi(ffix)(ffiy) ğăďăěâ ăááőæĺăâĺćŋőě ãňŋőęěŋĺě ć łőńìæě R.

Ďőłăğăâěńìáâćő. Ŕőńőęĺň ¯(x; y) = x ∗ y. Šőčďă ŕő őŕàěďěńěŋĺî ĺňěěň: (x ∗ y) ∗ z = ˝(x ∗ y)˝z + fiffi(x ∗ y)ffiz = (˝(˝x˝y))˝z + fiffi(˝((˝x)(˝y)))ffiz = ˝x˝y˝z + fi(ffix)(ffiy)˝z + fi[ffix(˝y)ffiz + (˝x)ffiyffiz − ff(ffix)(ffiy)(ffiz)] = ˝x˝y˝z + fi[ffixffiy˝z + ffix˝yffiz + ˝xffiyffiz] − fiffffixffiyffiz = x ∗ (y ∗ z):

Šěőàěňă ďőłăğăŋă.

3. Ŕàĺňěàë ĺğ âěőàĺĺ łőąőàďĺğňőć Ć íâőň àăğďěńě ňë ŕőáâàőĺň ŋőćëě ãňŋőęěŋĺï ć âěőàĺĺ łőňŕńěłáŋëå łőąőàďĺğňőć, őŕĺàăïáì ŋă ŕőńãçěŋŋëě ćëèě àěğãńìâăâë.

Ŋăŕőňŋĺň, çâő ňãńìâĺŕńĺłăâĺćŋëě őŕěàăâőàë ć ăńčěąàě A^U = (~S)^∧ ŕőńŋőáâìî őŕàěďěńïîâáï áćőĺň ďěľáâćĺěň ŋă čěőňěâàĺçěáłĺå íńěňěŋâăå x ∈ U^2(X), â.ě. ćáě őŋĺ ğăďăîâáï ŕàőĺğćőńìŋëňĺ àïďăňĺ ćĺďă

(25) Œ(x) = x + ∑ i⩾1 Œ_ix^{i+1}; Œ_i ∈ ~:

Ňãńìâĺŕńĺłăâĺćŋëľ őŕěàăâőà Œ, ğăďăćăěňëľ àïďőň Œ(x), ďěľáâćãěâ ŋă ŕàőĺğćőńìÄ ŋőň íńěňěŋâě y ∈ U^∗(X) ŕő äőàňãńě:

Œ(y) = y + ∑ deg w¿0

Œ_ws_w(y);

čďě Œ_w = Œ^{k1}_1 · · · Œ^{kl}_l ďńï w = (k_1; : : : ; k_l).

Ńěňňă 11. Řïď Œ(x) = x+ ∑ i⩾1 Œ_ix^{i+1} ğăďăěâ ňãńìâĺŕńĺłăâĺćŋëľ ŕàőěłâőà Œ ∈ A^U , â.ě. Œ^2 = Œ ć A^U , ěáńĺ ĺ âőńìłő ěáńĺ Œ(Œ_i) = Œ_i + ∑ Œ_ws_w(Œ_i) = 0 ďńï ćáěå i ⩾ 1.

Ďőłăğăâěńìáâćő. Ĺňěěň ŋă čěőňěâàĺçěáłőň íńěňěŋâě x ∈ U^2(X)

Œ(Œ(x)) = Œ(x) + ∑ Œ(Œ_i)Œ(x)^{i+1}:

Śńěďőćăâěńìŋő, Œ(Œ(x)) = Œ(x), ěáńĺ ĺ âőńìłő ěáńĺ ∑ i⩾1 Œ(Œ_i)t^{i+1} = 0 ć łőńìæě ~[[t]], čďě t = Œ(x). İâő íłćĺćăńěŋâŋő ãáńőćĺî: Œ(Œ_i) = 0, i ⩾ 1. Ńěňňă ďőłăğăŋă.

Ňãńìâĺŕńĺłăâĺćŋëľ őŕěàăâőà Œ ∈ A^U c Œ(x) = x + ∑ i⩾1 Œ_ix^{i+1}, Œ_i ∈ ~, ŋă čěőňěâàĺçěáłőň íńěňěŋâě x ∈ U^2(X) ŋăğëćăěâáï őďŋőàőďŋëň, ěáńĺ deg Œ_i = −2i. Ňŋőęěáâćő ćáěå őďŋőàőďŋëå ňãńìâĺŕńĺłăâĺćŋëå őŕěàăâőàőć őąàăğãěâ ŕőńãčàãŕŕã, ć łőâőàőľ ńěęăâ ŕàőěłâőàë, ćăęŋěľèĺě ďńï âěőàĺĺ łőąőàďĺğňőć.

Ďńï æěńőčő çĺáńă m ŕőńőęĺň Z_{(m)} = Z[m^{−1}]. Ĺğ [16] ĺğćńěłăěâáï áńěďãîéĺľ àěğãńìâăâ.

16 Ą. Ĺ. ĄŐŠĆĹŊŊĹŁ, Ć. Ň. ĄŞŢŸŠĂĄĚŘ, Ś. Ŕ. ŊŐĆĹŁŐĆ, Ś. Ă. đĞĆĹŊŚŁĹĽ

Ńěňňă 12. Ŕãáâì ff ∈ ~^{−2n} ĺ s_{(n)}ff = m ≠ 0, m ∈ Z. Őŕěàăâőà @ ∈ A^U ğăďăěâ őŕěàăâőà ďěńěŋĺï ŋă ff ć łőńìæě łőňŕńěłáŋëå łőąőàďĺğňőć U^∗(X) ⊗ Z_{(m)} âăłőľ, çâő ňãńìâĺŕńĺłăâĺćŋëľ őŕěàăâőà ß, ß = 1−ff@, ïćńïěâáï őďŋőàőďŋëň, ěáńĺ ĺ âőńìłő ěáńĺ ěčő ğŋăçěŋĺě ŋă čěőňěâàĺçěáłőň łőąőàďĺğňě ĺňěěâ ćĺď:

@x = 1 m x^{n+1} + ∑ i⩾1 a_ix^{n+i+1}; a_i ∈ ~^{−2i} ⊗ Z_{(m)};

čďě (a_i) { áćőąőďŋëľ ŋăąőà ŕăàăňěâàőć őŕěàăâőàă @.

Ďőłăğăâěńìáâćő. Śőčńăáŋő ŕàěďëďãéĺň ăńčěąàăĺçěáłĺň àěğãńìâăâăň ďőáâăâőçŋő ŕàőćěàĺâì âőńìłő, çâő ß(ff) = 0. Ĺňěěň: ß(x) = x − ffx^n

(_1 m x + ∑ i⩾1 a_ix^{i+1} ) , čďě x { čěőňěâàĺçěáłĺľ íńěňěŋâ. Šăłĺň őąàăğőň, ß(y) = y − ff^1_m s_{(n)}y + (çńěŋë, áőÄ ďěàęăéĺě s_w(y), deg w ¿ 2n). Śńěďőćăâěńìŋő, ß(ff) = ff − ff^1_m s_{(n)}(ff) = 0. Ńěňňă ďőłăğăŋă.

Ĺáŕőńìğãï ńěňňã 12, ňőęŋő őŕĺáăâì ćáě ŕăàë őŕěàăâőàőć ďěńěŋĺï @_1 ĺ @_2 âăłĺě, çâő áőőâćěâáâćãîéĺě ňãńìâĺŕńĺłăâĺćŋëě ŕàőěłâőàë ß_1 ĺ ß_2 ïćńïîâáï őďŋőàőďŋëÄ ňĺ ĺ łőňňãâĺàãîéĺňĺ. Šăłĺň őąàăğőň, áőčńăáŋő âěőàěňě 1 ňë ŕőńãçăěň ňŋőęěáâćő ăááőæĺăâĺćŋëå ãňŋőęěŋĺľ ćĺďă ¯_1(x; y) = ß_1(x)ß_2(y) ć łőňŕńěłáŋëå łőąőàďĺğňăå.

Ďăńěě, ďńï łăęďőčő őŕěàăâőàă ďěńěŋĺï @ ĺğ ńěňňë 12 ňë ňőęěň ćğïâì ńîąőľ íńěÄ ňěŋâ fi ĺğ ïďàă őŕěàăâőàă ß = 1 − ff@ ĺ ŕőńãçĺâì áőčńăáŋő ŕ. (i) âěőàěňë 2 ăááőæĺăÄ âĺćŋőě ãňŋőęěŋĺě ćĺďă ¯_2(x; y) = xy + fi@x@y.

Śńěďãîéĺľ àěğãńìâăâ ŕőğćőńïěâ áâàőĺâì ăááőæĺăâĺćŋëě ãňŋőęěŋĺï ćĺďă ¯_2(x; y) ŋă őáŋőćăŋĺĺ ŕ. (ii) âěőàěňë 2.

Ńěňňă 13. Ŕãáâì ff ∈ ~^{−2n} ĺ s_{(n)}(ff) = 2n. Ňãńìâĺŕńĺłăâĺćŋăï őďŋőàőďÄ ŋăï őŕěàăæĺï ß ∈ A^U ⊗ Z_{(n)}, łőâőàăï ŋă čěőňěâàĺçěáłőň íńěňěŋâě x ∈ U^2(X) ďěľáâćãěâ ŕő äőàňãńě

(26) ß(x) = x − ff@x = x n√ 1 + ffx^n ; ğăďăěâ őŕěàăâőà àăğŋőáâŋőľ ŕàőĺğćőďŋőľ @ âăłőľ, çâő @^2 = 0.

Ďőłăğăâěńìáâćő. Śőčńăáŋő ńěňňě 6 ďőáâăâőçŋő ŕőłăğăâì, çâő

ß(ff) = −ff ĺ ß^2 = 1:

Ĺňěěň:

ß(x) = x − 1 n ffx^{n+1} + O(x^{2n+1}):

Šăłĺň őąàăğőň, ß(y) = y −^1_n ffs_{(n)}(y) + (çńěŋë, áőďěàęăéĺě s_w(y), deg w ¿ 2n). Śńěďőćăâěńìŋő, ß(ff) = ff−^1_n ff·2n = −ff. Šăł łăł ß^2 { ňãńìâĺŕńĺłăâĺćŋëľ őŕěàăâőà, âő őŋ őŕàěďěńïěâáï áćőĺň ğŋăçěŋĺěň ŋă čěőňěâàĺçěáłőň íńěňěŋâě x. Ĺňěěň:

ß^2(x) = ß ( x n√ 1 + ffx^n ) = ß(x) n√ 1 + ß(ff)ß(x)^n = x n√ 1 + ffx^n · 1 n √ 1 − ff x^n 1 + ffx^n

= x:

Ĺâăł, ß^2(x) = x ĺ, áńěďőćăâěńìŋő, ß^2 = 1. Ńěňňă ďőłăğăŋă.

ĂŃČĚĄŘĂĹŮĚŚŁĹĚ ĂŚŔĚŁŠŻ ŠĚŐŘĹĹ ŞŇŊŐĘĚŊĹĽ 17

Ŕàĺňěà. Ŕãáâì [C P^m ] { łńăáá łőňŕńěłáŋëå łőąőàďĺğňőć łőňŕńěłáŋőčő m-ňěàŋőčő ŕàőěłâĺćŋőčő ŕàőáâàăŋáâćă. Ĺňěěň, s_{(m)}[C P^m ] = −(m + 1). Šăłĺň őąàăğőň, ćğïć ć łăçěáâćě ff łńăáá łőąőàďĺğňőć −[C P^{2n−1} ], ňë ŕőńãçăěň áőčńăáŋő ńěňňě 13 őŕěàăâőà àăğŋőáâŋőľ ŕàőĺğćőďŋőľ @ ŋă łőńìæăå U^∗(X) ⊗ Z_{(n)} âăłőľ, çâő @^2 = 0, ĺ, áńěďőćăâěńìÄ ŋő, ŋőćőě ăááőæĺăâĺćŋőě ãňŋőęěŋĺě á áćőąőďŋëň ŕăàăňěâàőň fi. Ć áńãçăě łőňŕńěłáŋőľ ŕàőěłâĺćŋőľ ŕàïňőľ C P^1 ňë ŕőńãçăěň âăłőě ãňŋőęěŋĺě ŋă łőńìæăå U^∗(X).

Ć ğăłńîçěŋĺě őŕĺèěň ŕàĺňěà ăááőæĺăâĺćŋőčő ãňŋőęěŋĺï ć łőńìæăå U^∗(X), őáŋőÄ ćăŋŋëľ ŋă łőŋáâàãłæĺĺ ĺğ âěőàěňë 3.

Śńěďãï Łőŋŋěàã ĺ Ťńőľďã, ćőğìňěň ăďďĺâĺćŋëľ ŕàőěłâőà

˝: U^∗(X) → U^∗(X);

łőâőàëľ ŕőńŋőáâìî ğăďăěâáï áńěďãîéĺň ďěľáâćĺěň ŋă łńăááăå łőąőàďĺğňőć ğăňłŋãÄ âëå U -ňŋőčőőąàăğĺľ:

ŕãáâì ¸ → C P^1 { łăŋőŋĺçěáłőě łőňŕńěłáŋőě őďŋőňěàŋőě àăááńőěŋĺě ŋăď ŕàőěłâĺćÄ ŋőľ ŕàïňőľ C P^1 . Řăááňőâàĺň ğăňłŋãâőě U -ňŋőčőőąàăğĺě M^{2n} áő áâăąĺńìŋő łőňŕÄ ńěłáŋëň łăáăâěńìŋëň àăááńőěŋĺěň ø . Ŕő őŕàěďěńěŋĺî, ˝([M^{2n}]) { íâő łńăáá łőňŕÄ ńěłáŋëå łőąőàďĺğňőć ŕőďňŋőčőőąàăğĺï i: ^M^{2n} ⊂ M^{2n} × C P^1 á ŋőàňăńìŋëň àăááńőÄ ěŋĺěň ćńőęěŋĺï i^∗((det ø ) ⊗ ¸), čďě detø { ďěâěàňĺŋăŋâŋőě àăááńőěŋĺě łőňŕńěłáŋőčő àăááńőěŋĺï ø .

Ďěľáâćĺě ŕàőěłâőàă ˝ ∈ A^U ŋă łńăááě Šőňă x_n łőňŕńěłáŋőčő n-ňěàŋőčő àăááńőěÄ ŋĺï ȷ → X ćëçĺáńïěâáï ŕő äőàňãńě:

˝(x_n) = x_n + ∑ i⩾2 ff_{i1}@_ix_n;

čďě ff_{i1} ∈ ~^{−2i} { łőíääĺæĺěŋâ ŕàĺ x^iy ć äőàňăńìŋőľ čàãŕŕě f(x; y) čěőňěâàĺçěáłĺå íńěňěŋâőć x; y ĺ @_i ∈ A^U { őŕěàăâőàë, łőâőàëě ŋă łńăááě Šőňă x_n ďěľáâćãîâ ŕő äőàÄ ňãńě:

@_ix_n = x_nc_1(det ȷ);

čďě c_1 { ŕěàćëľ łńăáá Ůęěŋï ć łőňŕńěłáŋëå łőąőàďĺğňăå, ĺ { ğŋăł łőňŕńěłáŋőčő áőŕàïęěŋĺï.

Ćğïć ć łăçěáâćě ffi őŕěàăâőà @_1 ∈ A^U , ňőęŋő ŕàőćěàĺâì, çâő ŕăàă ˝; ffi ãďőćńěâćőàïěâ ćáěň áőőâŋőèěŋĺïň ĺğ âěőàěňë 3 (ďěâăńĺ ćëçĺáńěŋĺľ áň. ć [22], [23]). ŚńěďőćăâěńìÄ ŋő, áőčńăáŋő íâőľ âěőàěňě ć U^∗(X) őŕàěďěńěŋő ăááőæĺăâĺćŋőě ãňŋőęěŋĺě, ğăďăćăěňőě äőàňãńőľ:

x ∗ y = ˝(˝x˝y):

İâő ãňŋőęěŋĺě ĺčàăěâ łńîçěćãî àőńì ć őŕĺáăŋĺĺ ňãńìâĺŕńĺłăâĺćŋőľ áâàãłâãàë łőńìæă łőąőàďĺğňőć SU -ňŋőčőőąàăğĺľ, ĺńĺ, łăł áěľçăá áâăńĺ čőćőàĺâì, ňŋőčőőąàăÄ ğĺľ Łăńăąĺ{§ő.

ŚŔĹŚŐŁ ŃĹŠĚŘĂŠŞŘŻ

[1] Novikov S. P. (Ed.). Topology I. Berlin: Springer-Verlag, 1996. (Encyclopaedia of Math.

Sci. V. 12.)

[2] Milnor J. W. On the cobordism ring ˙^∗ and a complex analogue. Part I // Amer. J. Math.

1960. V. 82. P. 505{521.

18 Ą. Ĺ. ĄŐŠĆĹŊŊĹŁ, Ć. Ň. ĄŞŢŸŠĂĄĚŘ, Ś. Ŕ. ŊŐĆĹŁŐĆ, Ś. Ă. đĞĆĹŊŚŁĹĽ

[3] Ŋőćĺłőć Ś. Ŕ. Ő ŋěłőâőàëå ğăďăçăå âőŕőńőčĺĺ ňŋőčőőąàăğĺľ, áćïğăŋŋëå á âěőàĺěľ ŕàőÄ áâàăŋáâć Šőňă // Ďőłń. ĂŊ ŚŚŚŘ. 1960. Š. 132. ò5. Ś. 1031{1034.

[4] Ŋőćĺłőć Ś. Ŕ. Čőňőâőŕĺçěáłĺě áćőľáâćăłőňŕńěłáőćŠőňă // Ňăâěň. áą. 1962. Š. 57 (99).

Ś. 406{442.

[5] Ŋőćĺłőć Ś. Ŕ. Ňěâőďë ăńčěąàăĺçěáłőľ âőŕőńőčĺĺ á âőçłĺ ğàěŋĺï âěőàĺĺ łőąőàďĺğňőć // Ĺğć. ĂŊ ŚŚŚŘ. Śěà. ňăâěň. 1967. Š. 31. Ś. 855{951.

[6] Landweber P. S. Cobordism operations and Hopf algebras // Trans. Amer. Math. Soc.

1967. V. 129. ò1. P. 94{110.

[7] Ąãåèâăąěà Ć. Ň., Ÿőłãàőć Ă. Ć. Ăńčěąàă Ńăŋďćěąěàă{Ŋőćĺłőćă ĺ äőàňăńìŋëě ćěłâőàŋëě ŕőńï ŋă ŕàïňőľ // Ťãŋłæ. ăŋăńĺğ ĺ ěčő ŕàĺń. 1978. Š. 12. ò3. Ś. 1{11.

[8] Ŋőćĺłőć Ś. Ŕ. Řăğńĺçŋëě ãďćőěŋĺï ăńčěąà Ţőŕäă. Ăńčěąàë őŕěàăâőàőć ŋă łćăŋâőćëå čàãŕŕăå, łőňŕńěłáŋëě łőąőàďĺğňë // ŞŇŊ. 1992. Š. 47. ò5. Ś. 189{190.

[9] Buchstaber V. M. Semigroups of maps into groups, operatordoubles, and complexcoborÄ disms // Amer. Math. Soc. Transl. Ser. 2. 1995. V. 170. P. 9{31.

[10] Ąãåèâăąěà Ć. Ň. Ţăàăłâěà Ůęěŋï{Ďőńìďă ć łőąőàďĺğňăå // Ňăâěň. áą. 1970.

Š. 83 (125). Ś. 576{595.

[11] Ąãåèâăąěà Ć. Ň., Ŋőćĺłőć Ś. Ŕ. Ťőàňăńìŋëě čàãŕŕë, áâěŕěŋŋëě áĺáâěňë ĺ őŕěàăÄ âőàë Ăďăňáă // Ňăâěň. áą. 1971. Š. 84 (126). Ś. 116{153.

[12] Ąãåèâăąěà Ć. Ň. Ţăàăłâěàĺáâĺçěáłĺě łńăááë ć łőąőàďĺğňăå ĺ âőŕőńőčĺçěáłĺě ŕàĺÄ ńőęěŋĺï âěőàĺľ őďŋőğŋăçŋëå ĺ ďćãğŋăçŋëå äőàňăńìŋëå čàãŕŕ // Ĺâőčĺ ŋăãłĺ ĺ âěåŋĺłĺ. Śőćà. ŕàőąń. ňăâěň. Š. 10. Ň.: ĆĹŊĹŠĹ, 1978. Ś. 5{178.

[13] Ąãåèâăąěà Ć. Ň., Ţőńőďőć Ă. Ŋ. Šőŕőńőčĺçěáłĺě łőŋáâàãłæĺĺ, áćïğăŋŋëě á ňŋőčőÄ ğŋăçŋëňĺ äőàňăńìŋëňĺ čàãŕŕăňĺ // Ĺğć. ĂŊ ŚŚŚŘ. Śěà. ňăâěň. 1982. Š. 46. ò1. Ś. 3{26.

[14] Ţőńőďőć Ă. Ŋ. Ăńčěąàăĺçěáłăï âěőàĺï ňŋőčőğŋăçŋëå äőàňăńìŋëå čàãŕŕ // Ňăâěň. áą.

1981. Š. 114. ò2. Ś. 299{321.

[15] Buchstaber V. M., Rees E. G. Multivalued groups, their representations and Hopf alÄ gebras // Transform. Groups. 1997. V. 2. ò4. P. 325{349.

[16] Ąãåèâăąěà Ć. Ň. Łőčőňőńőčĺçěáłĺě őŕěàăæĺĺ ĺ äőàňăńìŋăï čàãŕŕă ć łőąőàďĺğňăå.

Ţăàăłâěàĺáâĺçěáłĺě łńăááë ć łőąőàďĺğňăå // Ć. Śŋíľâ. Ăńčěąàăĺçěáłĺľ łőąőàďĺğň ĺ K-âěőàĺï. Ŕàĺńőęěŋĺě 4. Ň.: Ňĺà, 1983. Ś. 227{248.

[17] Ąěàèâěľŋ Ĺ. Ŋ., Čěńìäăŋď Ĺ. Ň., Čěńìäăŋď Ś. Ĺ. Łńěâłĺ Ÿãąěàâă ĺ łőčőňőńőÄ čĺĺ ŕàőáâàăŋáâćă G=P // ŞŇŊ. 1973. Š. 28. ò3. Ś. 3{26.

[18] Bressler P., Evens S. The Schubert calculus, braid relation, and generalized cohomology // Trans. Amer. Math. Soc. 1990. V. 317. ò2. P. 799{811.

[19] Ťěńìďňăŋ Ł. İ. İłćĺćăàĺăŋâŋëľ ăŋăńőč âěőàěňë Ŕãăŋłăàě{Ţőŕäă // Ğăŕ. ŋăãç. áěňĺŋ.

ŔŐŇĹ. 2000. Š. 267. Ś. 160{174.

[20] Dunkl C. F. Di¸erential-di¸erence operators associated to re‚ection groups // Trans.

Amer. Math. Soc. 1989. V. 311. ò1. P. 167{183.

[21] Ore O. Theory of non-commutative polynomials // Ann. of Math. (2). 1933. V. 34.

P. 480{508.

[22] Ąãåèâăąěà Ć. Ň. Ŕàőěłâőàë ć ãŋĺâăàŋëå łőąőàďĺğňăå, áćïğăŋŋëě á SU-âěőàĺěľ // ŞŇŊ. 1972. Š. 27. ò6. Ś. 231{232.

[23] Śâőŋč Ř. Ğăňěâłĺ ŕő âěőàĺĺ łőąőàďĺğňőć. Ň.: Ňĺà, 1973.

Ňőáłőćáłĺľ čőáãďăàáâćěŋŋëľ ãŋĺćěàáĺâěâ ĺň. Ň.Ć. Ńőňőŋőáőćă; University of Maryland at College Park;

Department of Mathematics the University of Oregon E-mail: buchstab@ftri.extech.msk.su; novikov@ipst.umd.edu, novikov@landau.ac.ru; botvinn@darkwing.uoregon.edu; yuz@darkwing.uoregon.edu

Ŕőáâãŕĺńă ć àěďăłæĺî 01.06.2000