Ňăâěňăâĺçěáłĺě ğăňěâłĺ �

ŠŐŇ 68 ĆŻŔŞŚŁ 3 ŚĚŊŠ§ĄŘĲ 2000

ŞĎŁ 517

O C^∗-ĂŃČĚĄŘĂŢ, ŚĆ§ĞĂŊŊŻŢ Ś ĂŚĹŇŔŠŐŠĹŮĚŚŁĹŇĹ ČŐŇŐŇŐŘŤĹĞŇĂŇĹ

Ć. Ň. Ňăŋãľńőć

Ć áâăâìě ĺğãçăîâáï C^∗-ăńčěąàë, áćïğăŋŋëě á ăáĺňŕâőâĺçěáłĺňĺ čőňőňőàäĺğňăňĺ Ňĺéěŋłő. Ć çăáâŋőáâĺ, ŕőłăğăŋő, çâő ĺå àăğńĺçŋëě ćěàáĺĺ áńăąő čőňőâőŕĺçěáłĺ íłÄ ćĺćăńěŋâŋë, ŋő ŋě ĺğőňőàäŋë. Ŕàĺćěďěŋë âăłęě ŋěŕàěàëćŋëě ćěàáĺĺ íâĺå ăńčěąà.

Ąĺąńĺőčàăäĺï: 5 ŋăğćăŋĺľ.

Ććěďěŋĺě. Ŕãáâì M_k, k ∈ N, { C^∗-ăńčěąàă ňăâàĺæ àăğňěàŋőáâĺ k. Ďńï ěďĺŋőőąàăÄ ğĺï ňë ąãďěň őąőğŋăçăâì çěàěğ M_∞ C^∗-ăńčěąàã K łőňŕăłâŋëå őŕěàăâőàőć áěŕăàăąěńìÄ ŋőčő čĺńìąěàâőćă ŕàőáâàăŋáâćă. Ŕãáâì ˚ = {˚(1); ˚(2); : : :} { äãŋłæĺï ĺğ N ć N ∪ {∞}, â.ě. ˚ { ŕőáńěďőćăâěńìŋőáâì, íńěňěŋâë ˚(i), i ∈ N, łőâőàőľ ïćńïîâáï ńĺąő ŋăâãàăńìÄ ŋëňĺ çĺáńăňĺ, ńĺąő ąěáłőŋěçŋë. Ć íâőľ áâăâìě ňë ąãďěň àăááňăâàĺćăâì âőńìłő ňőŋőÄ âőŋŋő ŋěãąëćăîéĺě ŕőáńěďőćăâěńìŋőáâĺ ˚ = {˚(i)}, łőâőàëě ńĺąő áâăąĺńĺğĺàãîâáï (áãéěáâćãěâ lim_{i→∞} ˚(i)), ńĺąő áâàěňïâáï ł ąěáłőŋěçŋőáâĺ ŕàĺ i → ∞.

Řăááňőâàĺň C^∗-äăłâőàăńčěąàã ∞∏ i=1 M_{˚(i)} /^∞⨁ i=1 M_{˚(i)};

łőâőàăï ïćńïěâáï C^∗ -ăńčěąàőľ, őąáńãęĺćăîéěľ ďĺáłàěâŋëě ăáĺňŕâőâĺçěáłĺě čőňőňőàÄ äĺğňë [1], [2], â.ě. ńîąőľ ďĺáłâěàŋëľ ăáĺňŕâőâĺçěáłĺľ čőňőňőàäĺğň ĺğ C^∗-ăńčěąàë A ć ňăâàĺçŋëě ăńčěąàë ĺńĺ ć ăńčěąàã łőňŕăłâŋëå őŕěàăâőàőć ďăěâ ŋăáâőïéĺľ ∗-čőňőňőàäĺğň ĺğ A ć íâã ăńčěąàã. Ć [3] Ňĺéěŋłő ŕàěďńőęĺń àăááňőâàěâì ďàãčãî ćěàáĺî ďĺáłàěâŋëå ăáĺňŕâőâĺçěáłĺå čőňőňőàäĺğňőć, ĺňěŋŋő, ďőąăćĺć áńěďãîéěě âàěąőćăŋĺě: ěáńĺ ŕőáńěďőćăâěńìŋőáâì őâőąàăęěŋĺľ ’_i : A → B, i ∈ N, ğăďăěâ ďĺáłàěâŋëľ ăáĺňŕâőÄ âĺçěáłĺľ čőňőňőàäĺğň, őŋă ďőńęŋă ďőŕőńŋĺâěńìŋő ãďőćńěâćőàïâì àăćěŋáâćã

lim_{i→∞} ‖’_{i+1}(a) − ’_i(a)‖ = 0

ďńï łăęďőčő a ∈ A. Śőőâćěâáâćãîéĺě C^∗-ăńčěąàë ąëńĺ ŕőáâàőěŋë ć [4] áńěďãîéĺň őąÄ àăğőň. Ŕőáłőńìłã ŕőáńěďőćăâěńìŋőáâì ˚ ŋěãąëćăîéăï, áãéěáâćãěâ ěáâěáâćěŋŋőě ćłńîÄ çěŋĺě M_{˚(i)} ⊂ M_{˚(i+1)}, ğŋăçĺâ ŕàăćëľ áďćĺč

ff: (m_1; m_2; : : : ) → (0; m_1; m_2; : : : ); (1)

Řăąőâă ćëŕőńŋěŋă ŕàĺ çăáâĺçŋőľ ŕőďďěàęłě Řőááĺľáłőčő äőŋďă äãŋďăňěŋâăńìŋëå ĺááńěďőćăÄ ŋĺľ, čàăŋâ ò 99-01-01201, ĺ INTAS, čàăŋâ ò 96-1099.

377 © Ć. Ň. Ňăŋãľńőć 2000 čďě m = (m_1; m_2; : : : ) ∈ ∏_∞ i=1 M_{˚(i)}, łőààěłâŋő őŕàěďěńěŋ ŋě âőńìłő ć ăńčěąàě ∏_∞ i=1 M_{˚(i)}, ŋő ĺ ć äăłâőàăńčěąàě ∏_∞ i=1 M_{˚(i)}= ⨁_∞ i=1 M_{˚(i)}. Őâőąàăęěŋĺě ff ïćńïěâáï íŋďőňőàäĺğňőň íâĺå C^∗-ăńčěąà, ĺ, łăł ńěčłő ćĺďěâì, ff-ĺŋćăàĺăŋâŋőě ŕőďňŋőÄ ęěáâćő ć C^∗-ăńčěąàě ∏_∞ i=1 M_{˚(i)}= ⨁_∞ i=1 M_{˚(i)} âăłęě ïćńïěâáï C^∗-ăńčěąàőľ. İâã ff-ĺŋćăàĺăŋâŋãî C^∗-ăńčěąàã ňë őąőğŋăçăěň Q(˚).

Ěáńĺ ŕőáńěďőćăâěńìŋőáâì ˚ áâăąĺńĺğĺàãěâáï, lim_{i→∞} ˚(i) = n; n ∈ N ∪ {∞};

ňë őąőğŋăçăěň âăłãî ŕőáńěďőćăâěńìŋőáâì çěàěğ n (ĺńĺ ∞, ěáńĺ n = ∞). Ć íâőň áńãçăě ňë ŕĺèěň Q(n) ćňěáâő Q(˚). C^∗-ăńčěąàă Q(˚) ňőęěâ ąëâì őŕĺáăŋă łăł ňŋőęěáâćő B(˚) ćáěå ŕőáńěďőćăâěńìŋőáâěľ (m_1; m_2; : : : ) ňăâàĺæ m_i ∈ M_{˚(i)} âăłĺå, çâő lim_{i→∞} ‖m_{i+1} − m_i‖ = 0

ŕő ňőďãńî ŕőáńěďőćăâěńìŋőáâěľ, áåőďïéĺåáï ł ŋãńî. Ňŋőęěáâćő B(˚), őçěćĺďŋő, ïćÄ ńïěâáï C^∗-ăńčěąàőľ, ŕőíâőňã Q(˚) ěáâì äăłâőàăńčěąàă ăńčěąàë B(˚) ŕő ĺďěăńã I(˚) ŕőáńěďőćăâěńìŋőáâěľ, áåőďïéĺåáï ł ŋãńî. Őâňěâĺň, çâő ĺďěăń I(˚) ïćńïěâáï áãéěáâÄ ćěŋŋëň ć B(˚), â.ě. ăńčěąàă B(˚) ńěęĺâ ć ăńčěąàě ňãńìâĺŕńĺłăâőàőć M (I(˚)).

Ţőâï C^∗-ăńčěąàă Q(˚) áőáâőĺâ âőńìłő ĺğ ff-ĺŋćăàĺăŋâŋëå íńěňěŋâőć ăńčěąàë ∏ i M_{˚(i)}= ⨁ i M_{˚(i)}, ŋě áńěďãěâ ďãňăâì, çâő Q(˚) ňěŋìèě, çěň ŕőáńěďŋïï ăńčěąàă.

Řăááňőâàĺň, ŋăŕàĺňěà, ăńčěąàã Q(∞). Ŕãáâì r = r(n) { ćőğàăáâăîéăï ŕőáńěďőćăÄ âěńìŋőáâì ŋăâãàăńìŋëå çĺáěń, ďńï łőâőàőľ lim_{i→∞} ( r(i + 1) − r(i) ) = ∞: (2)

Šőčďă ńěčłő ćĺďěâì, çâő ŕőáńěďőćăâěńìŋőáâĺ (m_1; m_2; : : : ), ć łőâőàëå m_{r(i)} = 0, i ∈ N, áőáâăćńïîâ ĺďěăń I_r ć Q(∞) ĺ áőőâćěâáâćãîéãî C^∗-äăłâőàăńčěąàã Q(∞)=I_r ňőęŋő őâőąàăğĺâì ć ∏ i M_∞= ⨁ i M_∞ ŕő äőàňãńě (m_1; m_2; : : : ) → (m_{r(1)}; m_{r(2)}; : : :):

Şçĺâëćăï (2), á ŕőňőéìî ńĺŋěľŋőľ ĺŋâěàŕőńïæĺĺ ňőęŋő ŕőďŋïâì ńîąőľ íńěňěŋâ ăńÄ čěąàë ∏ i M_∞= ⨁ i M_∞, ğŋăçĺâ, ãłăğăŋŋőě őâőąàăęěŋĺě íŕĺňőàäŋő.

Őâňěâĺň, çâő C^∗-ăńčěąàă Q(1) łőňňãâăâĺćŋă ĺ ěě áŕěłâà { łőàőŋă Ţĺčáőŋă { ïćńïÄ ěâáï äăłâőàŕàőáâàăŋáâćőň Śâőãŋ{Ůěåőćáłőľ łőàőŋë fiN \ N ŕő áâăŋďăàâŋőňã ďěľáâćĺî čàãŕŕë Z. Ńěčłő ćĺďěâì, çâő C^∗-ăńčěąàă Q(˚) ãŋĺâăńìŋă âőčďă ĺ âőńìłő âőčďă, łőčďă ˚ = n ďńï ŋěłőâőàőčő łőŋěçŋőčő n. Ć íâőň áńãçăě Q(n) = Q(1) ⊗ M_n. Ć ŕàőâĺćŋőň áńãçăě Q(˚) áőďěàęĺâ âěŋğőàŋőě ŕàőĺğćěďěŋĺě Q(1) ⊗ M_∞ ć łăçěáâćě áőąáâćěŋŋőľ ŕőďÄ ăńčěąàë. Ďěľáâćĺâěńìŋő, ŕőďŋïâĺě Q(1) ⊗ M_∞ ć B(˚) áőáâőĺâ ĺğ àăćŋőňěàŋő łőňŕăłâÄ ŋëå ŕőáńěďőćăâěńìŋőáâěľ m = (m_1; m_2; : : :) ∈ B(˚), â.ě. âăłĺå, çâő ďńï łăęďőčő ” ¿ 0 áãéěáâćãěâ ŋőňěà j âăłőľ, çâő ‖(m_1; m_2; : : : ) − (p_j m_1p_j ; p_jm_2p_j ; : : : )‖ ¡ ”;

čďě p_j ∈ M_∞ őąőğŋăçăěâ ŕàőěłâőà ŋă ŕěàćëě j łőőàďĺŋăâ. Ďńï ńîąőľ ˚, áâàěňïéěľáï ł ąěáłőŋěçŋőáâĺ, ńěčłő ŋăľâĺ íńěňěŋâ ăńčěąàë B(˚), ŋě ïćńïîéĺľáï àăćŋőňěàŋő ãąëćăÄ îéĺň. Ďńï íâőčő àăááňőâàĺň ŕőáńěďőćăâěńìŋőáâì {n_i}, ãďőćńěâćőàïîéãî lim_{i→∞}(n_{i+1} − n_i) = ∞;

ĺ ŋěŋãńěćőľ íńěňěŋâ ˘ = (˘_1; ˘_2; : : :) ∈ B(1) âăłőľ, çâő ˘_{ni} = 0 ďńï ćáěå i ∈ N. Ŕãáâì Ø_{[ni;ni+1]} { åăàăłâěàĺáâĺçěáłăï äãŋłæĺï ňŋőęěáâćă [n_i; n_{i+1}] ⊂ N. Ŕãáâì {k_i} { ďàãÄ čăï ŕőáńěďőćăâěńìŋőáâì, áâàěňïéăïáï ł ąěáłőŋěçŋőáâĺ, ă e_i ∈ M_∞ { ŕàőěłâőà ŋă i-î łőőàďĺŋăâã. Šőčďă íńěňěŋâ ⨁ i Ø_{[ni;ni+1]}˘e_{ki} ŋě ŕàĺŋăďńěęĺâ B(1) ⊗ M_∞.

1. Śńăąăï čőňőâőŕĺçěáłăï íłćĺćăńěŋâŋőáâì ăńčěąà Q(˚). Ŕőáłőńìłã C^∗-ăńčěąàë Q(˚) ïćńïîâáï äăłâőàăńčěąàăňĺ ŕő áãéěáâćěŋŋőňã ĺďěăńã, ďńï ŋĺå ěáâěáâćěŋÄ ŋő àăááňăâàĺćăâì ąőńěě áńăąőě őŕàěďěńěŋĺě čőňőâőŕŋőáâĺ, âăłőě ęě łăł čőňőâőŕŋőáâì ∗-čőňőňőàäĺğňőć ć ăńčěąàë łőàőŋë. Ŋăŕőňŋĺň, çâő äãŋłæĺï g = g(t): [0; 1] → B(˚) ŋăğëćăěâáï ŋěŕàěàëćŋőľ ć áâàőčőľ âőŕőńőčĺĺ [5], ěáńĺ äãŋłæĺĺ g(t)k(t) ĺ k(t)g(t) ŋěÄ ŕàěàëćŋë ć C([0; 1]; I(˚)) ďńï ńîąőľ ŋěŕàěàëćŋőľ äãŋłæĺĺ k = k(t) ∈ C([0; 1]; I(˚)). C^∗-ăńčěąàã ćáěå ŋěŕàěàëćŋëå ć áâàőčőľ âőŕőńőčĺĺ äãŋłæĺľ ňë őąőğŋăçăěň C_{str}([0; 1]; B(˚)). Čőňőňőàäĺğňë äăłâőàĺğăæĺĺ C_{str}([0; 1]; B(˚)) → C_{str}([0; 1]; B(˚))=C([0; 1]; I(˚)) ĺ B(˚) → Q(˚) ňë őąőğŋăçăěň çěàěğ q.

Ŕãáâì f_0; f_1 : A → Q(˚) { ďćă ∗-čőňőňőàäĺğňă. Őŋĺ ŋăğëćăîâáï čőňőâőŕŋëňĺ (łăł őâőąàăęěŋĺï ć äăłâőàăńčěąàã), ěáńĺ áãéěáâćãěâ áěňěľáâćő őâőąàăęěŋĺľ (ŋě őąïÄ ğăâěńìŋő ïćńïîéĺåáï ∗-čőňőňőàäĺğňăňĺ) F_t : A → B(˚) âăłőě, çâő F_t(a) ŋěŕàěàëćŋő ć áâàőčőľ âőŕőńőčĺĺ ďńï łăęďőčő a ∈ A, łőňŕőğĺæĺï q ∘ F_t : A → C([0; 1]; Q(˚)) ïćńïěâáï ∗-čőňőňőàäĺğňőň ĺ q ∘ F_i áőćŕăďăěâ á f_i, i = 0; 1.

Ŕőáłőńìłã ňë àăąőâăěň á ŋěáěŕăàăąěńìŋëňĺ C^∗-ăńčěąàăňĺ, ěáâěáâćěŋŋő àăááňăâÄ àĺćăâì ěéě ąőńěě áńăąőě őŕàěďěńěŋĺě čőňőâőŕĺçěáłőľ íłćĺćăńěŋâŋőáâĺ. Ŕãáâì A; B { C^∗-ăńčěąàë. Ůěàěğ [A; B] őąőğŋăçĺň ňŋőęěáâćő ćáěå ∗-čőňőňőàäĺğňőć ĺğ A ć B.

Őŕàěďěńěŋĺě 1. C^∗-ăńčěąàë A ĺ B ŋăğëćăîâáï áńăąő čőňőâőŕĺçěáłĺ íłćĺćăÄ ńěŋâŋëňĺ, ěáńĺ ďńï ńîąőľ áěŕăàăąěńìŋőľ C^∗-ăńčěąàë C áãéěáâćãîâ ěáâěáâćěŋŋëě (ŕő C) őâőąàăęěŋĺï

Œ = Œ_C : [C; A] → [C; B] ĺ = _C : [C; B] → [C; A];

ŕěàěćőďïéĺě čőňőâőŕŋëě ∗-čőňőňőàäĺğňë ć čőňőâőŕŋëě ĺ âăłĺě, çâő ďńï łăęďőčő f : C → A ĺ łăęďőčő g : C → B łőňŕőğĺæĺĺ ( ∘ Œ)(f) ĺ (Œ ∘ )(g) čőňőâőŕŋë f ĺ g áőőâćěâáâćěŋŋő.

Ńěňňă 1. Ěáńĺ A ĺ B { áńăąő čőňőâőŕĺçěáłĺ íłćĺćăńěŋâŋëě áěŕăàăąěńìŋëě C^∗-ăńčěąàë, âő őŋĺ čőňőâőŕĺçěáłĺ íłćĺćăńěŋâŋë.

Ďőłăğăâěńìáâćő. Ŕőńőęĺň f = Œ_A(id_A): A → B ĺ g = _B(id_B): B → A. ŮěÄ àěğ f^∗ őąőğŋăçĺň őâőąàăęěŋĺě [B; X] → [A; X], ĺŋďãæĺàőćăŋŋőě ∗-čőňőňőàäĺğňőň f. Šőčďă f = f^∗(id_B) ĺ ĺğ ěáâěáâćěŋŋőáâĺ áńěďãěâ, çâő

_AŒ_A(id_A) = _Af^∗(id_B) = f^∗_B (id_B ) = f^∗g = g ∘ f;

ŕőíâőňã ŕő őŕàěďěńěŋĺî g ∘ f čőňőâőŕŋő id_A. Ăŋăńőčĺçŋő ŕőłăğëćăěâáï, çâő f ∘ g čőňőÄ âőŕŋő id_B.

Ńěňňă 2. Ěáńĺ C^∗-ăńčěąàë A ĺ B áńăąő čőňőâőŕĺçěáłĺ íłćĺćăńěŋâŋë, âő K_∗(A) ∼= K_∗(B).

Ďőłăğăâěńìáâćő. Ńěčłő ćĺďěâì, çâő áńăąăï čőňőâőŕĺçěáłăï íłćĺćăńěŋâŋőáâì ăńÄ čěąà A ĺ B ćńěçěâ âăłãî ęě íłćĺćăńěŋâŋőáâì ăńčěąà M_∞ ⊗ A ĺ M_∞ ⊗ B, ă čàãŕŕë K_0 ĺ K_1 őŕàěďěńïîâáï čőňőâőŕĺçěáłĺňĺ łńăááăňĺ ∗-čőňőňőàäĺğňőć ć íâĺ ăńčěąàë áěŕăÄ àăąěńìŋëå ăńčěąà C ĺ C_0(R) áőőâćěâáâćěŋŋő.

K-äãŋłâőà C^∗-ăńčěąà Q(˚) ąëń ćëçĺáńěŋ ć [4].

Ŕàěďńőęěŋĺě 1 (áň. [4]). Ďńï łăęďőľ ˚ ĺňěěň K_0(Q(˚)) = Zĺ K_1(Q(˚)) = 0. Čàãŕŕă K_0(Q(˚)) ŕőàőęďăěâáï ŕőáńěďőćăâěńìŋőáâìî (e_1; e_1; e_1; : : : ), čďě e_1 { ŕàőěłâőà ŋă ŕěàćãî łőőàďĺŋăâã.

Ŕàěďńőęěŋĺě 2. Ŕãáâì ˚_1 ĺ ˚_2 { ďćě áâàěňïéĺěáï ł ąěáłőŋěçŋőáâĺ ŕőáńěďőÄ ćăâěńìŋőáâĺ, ŋő ˚_j ≠ ∞, j = 1; 2. Šőčďă C^∗-ăńčěąàë Q(˚_1) ĺ Q(˚_2) čőňőâőŕĺçěáłĺ íłćĺćăńěŋâŋë.

Ďőłăğăâěńìáâćő. Ŕãáâì ˚_3 { ŕőáńěďőćăâěńìŋőáâì, ňăęőàĺàãîéăï łăł ˚_1, âăł ĺ ˚_2. Šàăŋğĺâĺćŋőáâì čőňőâőŕĺçěáłőľ íłćĺćăńěŋâŋőáâĺ ŕőğćőńïěâ ďőłăğëćăâì čőňőÄ âőŕĺçěáłãî íłćĺćăńěŋâŋőáâì âőńìłő ďńï ăńčěąà Q(˚_1) ĺ Q(˚_3). Šăł łăł ˚_1(i) ⩽ ˚_3(i) ďńï ćáěå i ∈ N, áãéěáâćãěâ ěáâěáâćěŋŋőě ćłńîçěŋĺě f : Q(˚_1) → Q(˚_3). Ůâőąë őŕàěďěńĺâì őâőąàăęěŋĺě g ć őąàăâŋőň ŋăŕàăćńěŋĺĺ, àăááňőâàĺň íńěňěŋâ m = (m_1; m_2; : : :) ∈ B(˚_3), őŕàěďěńĺň çĺáńă r = r(i) ŋěàăćěŋáâćőň ˚_1(i − 1) ¡ ˚_3(r) ⩽ ˚_1(i) ĺ ŕőńőęĺň (g(m))_i = m_r . Šőčďă g(m) ∈ B(˚_1) ĺ ěáńĺ m ∈ I(˚_3), âő g(m) ∈ I(˚_1), ŕőíâőňã őâőąàăęěŋĺě g : Q(˚_3) → Q(˚_1) łőààěłâŋő őŕàěďěńěŋő. Šőčďă łőňŕőğĺæĺï g∘f : Q(˚_1) → Q(˚_1) áćőďĺâáï ł ŕěàěŋãňěàăæĺĺ: ŕőáńěďőćăâěńìŋőáâì m = (m_1; m_2; : : :) ∈ B(˚_1) őâőąàăęăěâáï ć ŕőáńěďőćăâěńìŋőáâì

(m_1; : : : ; m_1

s1 àăğ

; m_2; : : : ; m_2

s2 àăğ

; : : : ): (3)

Ŕőáâàőĺň čőňőâőŕĺî F_t : Q(˚_1) → C_{str}([0; 1]; B(˚_1)), áőěďĺŋïîéãî g ∘ f á id_{Q(˚1)}. Ďńï łăęďőčő a ∈ Q(˚_1) ćëąěàěň ŕàěďáâăćĺâěńï m ∈ B(˚_1) ćĺďă (3). Ďńï t ∈ [0; 1=2] őŕàěÄ ďěńĺň F_t(a) łăł ńĺŋěľŋëľ ŕãâì, áőěďĺŋïîéĺľ ŕőáńěďőćăâěńìŋőáâì (3) á ŕőáńěďőćăâěńìÄ ŋőáâìî F_{1=2}(a) = (m_1; m_2; : : :; m_2

s1+s2−1 àăğ

; m_3; : : : ; m_3

s3 àăğ

; : : : ): (4)

Ŕàĺ t ∈ [1=2; 3=4] áőěďĺŋĺň ŕőáńěďőćăâěńìŋőáâì (4) á ŕőáńěďőćăâěńìŋőáâìî

F_{3=4}(a) = (m_1; m_2; m_3; : : : ; m_3

s1+s2+s3 −1 àăğ

; m_4; : : :; m_4

s4 àăğ

; : : : )

ĺ â.ď. Ŕàĺ t = 1 őŕàěďěńĺň F_1 àăćěŋáâćőň F_1(a) = (m_1; m_2; : : : ). Ńěčłő ćĺďěâì, çâő F_t(a) ŋěŕàěàëćŋő ć áâàőčőľ âőŕőńőčĺĺ (íâő ďőáâăâőçŋő ŕàőćěàïâì âőńìłő ŕàĺ t = 1), q ∘ F_t(a) ŋě ğăćĺáĺâ őâ ćëąőàă ŕàěďáâăćĺâěńï m ĺ F_t( · ) { ∗-čőňőňőàäĺğň ŕő ňőďãńî C([0; 1]; I(˚_1)), ŕőíâőňã őŕàěďěńïěâ ŋěőąåőďĺňãî čőňőâőŕĺî. Ăŋăńőčĺçŋăï čőňőâőŕĺï áőěďĺŋïěâ f ∘ g á id_{Q(˚3)}.

Ŕàěďńőęěŋĺě 3. Ŕãáâì A { áěŕăàăąěńìŋăï C^∗-ăńčěąàă, f : A → Q(∞) { ∗-čőňőÄ ňőàäĺğň. Šőčďă áãéěáâćãěâ łőŋěçŋăï ŕőáńěďőćăâěńìŋőáâì ˚ âăłăï, çâő f(A) ⊂ Q(˚) ⊂ Q(∞).

Ďőłăğăâěńìáâćő. Ğăäĺłáĺàãěň ŕńőâŋãî ŕőáńěďőćăâěńìŋőáâì {a_i}, i ∈ N, ć A ĺ ňőŋőâőŋŋő áâàěňïéãîáï ł ŋãńî ŕőáńěďőćăâěńìŋőáâì çĺáěń ”_n ¿ 0, n ∈ N. Ŕãáâì m^{(i)} = (m^{(i)}_1 ; m^{(i)}_2 ; : : :) ∈ B(∞) { ŕőďŋïâĺï ďńï f(a_i). Šőčďă ŋőňěàă ˚(n) ňőčãâ ąëâì ćëąàăŋë, ĺáåőďï ĺğ ŋěàăćěŋáâć ‖m^{(i)}_j − p_{˚(n)}m^{(i)}_j p_{˚(n)}‖ ¡ ”_n (5) ďńï ćáěå 1 ⩽ i; j ⩽ n, čďě p_{˚(n)} ∈ M_∞ { ŕàőěłâőàë ŋă ŕěàćëě ˚(n) łőőàďĺŋăâ. Ĺğ (5) áńěďãěâ, çâő ďńï łăęďőčő i ŕőáńěďőćăâěńìŋőáâĺ

(m^{(i)}_1 ; m^{(i)}_2 ; : : :) ĺ (p_{˚(1)}m^{(i)}_1 p_{˚(1)}; p_{˚(2)}m^{(i)}_2 p_{˚(2)}; : : : )

ğăďăîâ őďĺŋ ĺ âőâ ęě íńěňěŋâ ć Q(∞) ĺ ćâőàăï ĺğ ŋĺå ńěęĺâ ć B(˚). Šăł łăł Q(˚) ⊂ Q(∞) { C^∗-ŕőďăńčěąàă, f ŋěŕàěàëćŋő ĺ f(a_i) ∈ Q(˚), ŕőńãçăěň ćłńîçěŋĺě f(A) ⊂ Q(˚).

Ĺğ ŕàěďńőęěŋĺľ 2 ĺ 3 ćëâěłăěâ Šěőàěňă 1. Ěáńĺ ˚ áâàěňĺâáï ł ąěáłőŋěçŋőáâĺ, âő ćáě C^∗-ăńčěąàë Q(˚) áńăąő čőňőâőŕĺçěáłĺ íłćĺćăńěŋâŋë.

2. Ťãŋłæĺĺ àőáâă ĺ ăńčěąàë Q(˚). Ŕőłăęěň, çâő C^∗-ăńčěąàë Q(˚) ňőčãâ ąëâì àăğńĺçŋëňĺ ŕàĺ àăğńĺçŋőľ áłőàőáâĺ àőáâă ˚. Ŕőáńěďőćăâěńìŋőáâì ˚ ĺňěěâ ŕőńĺŋőňĺÄ ăńìŋëľ àőáâ, ěáńĺ áãéěáâćãîâ çĺáńă 0 ¡ C_1 ¡ C_2 ĺ n ⩾ 1 âăłĺě, çâő

C_1i^n ⩽ ˚(i) ⩽ C_2i^n; lim_i

˚(i + 1) − ˚(i) i^n

= 0:

Őŋă ĺňěěâ íłáŕőŋěŋæĺăńìŋëľ àőáâ, ěáńĺ áãéěáâćãěâ âăłőě çĺáńő a ¿ 1, çâő ďńï ćáěå i ćëŕőńŋïěâáï ŋěàăćěŋáâćő ˚(i + 1) ⩾ a˚(i).

Šěőàěňă 2. Ŕãáâì ˚_1 ĺňěěâ ŕőńĺŋőňĺăńìŋëľ àőáâ, ă ˚_2 { íłáŕőŋěŋæĺăńìŋëľ. 1) Ŋă C^∗-ăńčěąàě Q(˚_1) áãéěáâćãěâ ŋěâàĺćĺăńìŋëľ Q(1)-ğŋăçŋëľ áńěď. 2) Ŋă C^∗-ăńčěąàě Q(˚_2) ŋě áãéěáâćãěâ ŋěâàĺćĺăńìŋőčő áńěďă. Ďőłăğăâěńìáâćő. 1) Ňë őŕàěďěńĺň áńěď ŋă C^∗-ăńčěąàě B(˚_1) ĺ ŕőłăęěň, çâő őŋ àăćěŋ ŋãńî ŋă ĺďěăńě I(˚_1). Ŕãáâì m = (m_1; m_2; : : : ) ∈ B(˚_1), m_i ∈ M_{˚1(i)}. Ŕőńőęĺň

ø (m) = ( tr_{˚1(1)}(m_1) ˚_1(1) ; tr_{˚1(2)}(m_2) ˚_1(2) ; tr_{˚1(3)}(m_3)

˚_1(3)

; : : : ) ; čďě tr_i { áâăŋďăàâŋëľ áńěď ŋă M_i á ŋőàňĺàőćłőľ tr_i(1_i) = i, čďě 1_i { ěďĺŋĺæă ć M_i. Ěáńĺ ‖m‖ = 1, âő tr_{˚1(i)}(m_i) ⩽ ˚_1(i), ŕőíâőňã ‖ø (m)‖ ⩽ 1. Łàőňě âőčő, ‖ ‖ ‖ tr^{˚1(i+1)}(m^{i+1} )

˚_1(i + 1) − tr_{˚1(i)}(m_i)

˚_1(i) ‖ ‖ ‖ ⩽ ‖ ‖ ‖ tr^{˚1(i+1)}(m^{i+1}) − tr^{˚1(i)}(m^i) ˚_1(i + 1) ‖ ‖ ‖ + ‖ ‖ ‖ tr^{˚1(i)}(m^i) ˚_1(i)˚_1(i + 1) ‖ ‖ ‖ ⩽ ‖m_{i+1} − m_i‖ + 1 ˚_1(i + 1)

→ 0;

ŕőíâőňã őąàăğ ø ńěęĺâ ć B(1). Ŋăłőŋěæ, áćőľáâćő ø (ab) = ø (ba) ďńï a; b ∈ B(˚_1) őçěÄ ćĺďŋő. Šăłĺň őąàăğőň, ø ïćńïěâáï B(1)-ğŋăçŋëň áńěďőň ŋă B(˚_1). Šăłęě őçěćĺďŋő, çâő ø (I(˚_1)) ⊂ I(1), ŕőíâőňã ø łőààěłâŋő őŕàěďěńěŋ ŋă äăłâőàăńčěąàě Q(˚_1). Őáâăěâáï ŕőłăğăâì ŋěâàĺćĺăńìŋőáâì ø . Ŕãáâì

m_i = diag { 1; ˚_1(i) − 1

˚_1(i)

; : : : ; 1 ˚_1(i) }

{ ďĺăčőŋăńìŋëě ňăâàĺæë ć M_{˚1(i)}. Šőčďă

‖m_{i+1} − m_i‖ =

˚_1(i + 1) − ˚_1(i) ˚_1(i + 1) ⩽ 1 C_1

˚_1(i + 1) − ˚_1(i) i^n

→ 0;

ŕőíâőňã ŕőáńěďőćăâěńìŋőáâì m = (m_1; m_2; : : : ) ńěęĺâ ć B(˚_1), ğŋăçĺâ őŋă őŕàěďěńïěâ íńěňěŋâ ć Q(˚_1) ĺ

ø (m) = ( ˚_1(1) + 1 2˚_1(1)

; : : : ;

˚_1(i) + 1 2˚_1(i)

; : : : ) : Šăł łăł lim_i

˚_1(i) + 1 2˚_1(i) = 1 2 ≠ 0;

áńěď ø ŋěâàĺćĺăńěŋ.

2) Ąěğ őčàăŋĺçěŋĺï őąéŋőáâĺ ďńï ãďőąáâćă őąőğŋăçěŋĺľ ňë ňőęěň áçĺâăâì, çâő a = 2 ĺ ˚_2(i + 1) ⩾ 2˚_2(i). Ňë ŕàěďŕőńăčăěň, çâő ćáě M_i ćńőęěŋë ć C^∗-ăńčěąàã őčàăŋĺçěŋŋëå őŕěàăâőàőć čĺńìąěàâőćă ŕàőáâàăŋáâćă H á ąăğĺáőň ¸_1; ¸_2; : : : . Ŕãáâì u_1; u_2 { ĺğőňěâàĺĺ ć H âăłĺě, çâő u_1(¸_k) = ¸_{2k−1}, u_2(¸_k) = ¸_{2k}, k ∈ N. Ŕãáâì m = (m_1 ; m_2; : : : ) ∈ B(˚_2). Šőčďă ňőęŋő őŕàěďěńĺâì íńěňěŋâ m ⊕ m ∈ B(˚_2) áńěďãîéĺň őąàăğőň. Ŕőńőęĺň

(m ⊕ m)_1 = 0; (m ⊕ m)_{i+1} = u_1m_iu^∗_1 + u_2m_iu^∗_2 ďńï i ¿ 1:

Šőčďă dim(m ⊕ m)_{i+1} = 2˚_2(i) ⩽ ˚_2(i + 1) ĺ ńěčłő ćĺďěâì, çâő ‖(m ⊕ m)_{i+1} − (m ⊕ m)_i‖ → 0. Ŕőáłőńìłã ‖(m ⊕ m)_i‖ → 0 ŕàĺ m ∈ I(˚_2), őâőąàăęěŋĺě m → (m ⊕ m) ğăďăěâ čőňőňőàäĺğň Q(˚_2) → Q(˚_2). Ăŋăńőčĺçŋő őŕàěďěńïěâáï ŕàïňăï áãňňă 4, 8 ĺ â.ď. áńăčăěňëå.

Ŕàěďŕőńőęĺň, çâő áãéěáâćãěâ áńěď ø ŋă Q(˚_2), őąńăďăîéĺľ áćőľáâćőň ø (ab) = ø (ba) ďńï ńîąëå a; b ∈ Q(˚_2). Šőčďă ø ğăďăěâ áńěď ŋă B(˚_2), łőâőàëľ ňë ŕő-ŕàěęŋěňã őąőÄ ğŋăçăěň ø . Ŕãáâì m ∈ B(˚_2) { ŕőńőęĺâěńìŋëľ íńěňěŋâ, ‖m‖ = 1 ĺ ø (m) ≠ 0. Ĺňěěň m ⊕ m = m^{(1)} + m^{(2)}, čďě m^{(1)} = (0; u_1m_1u^∗_1; u_1m_2u^∗_1 ; u_1m_3u^∗_1 ; : : : ), m^{(2)} = (0; u_2m_1u^∗_2 ; u_2m_2u^∗_2 ; u_2m_3u^∗_2 ; : : : ). Šăł łăł ćáě m_i ŕőńőęĺâěńìŋë ĺ ĺňěîâ àăğňěàŋőáâì ˚(i), ŕőáńěÄ ďőćăâěńìŋőáâĺ

a_j = (0; u_j(m_1)^{1=2}; u_j (m_2)^{1=2}; u_j(m_3)^{1=2}; : : : ); b_j = (0; (m_1)^{1=2}u^∗_j ; (m_2)^{1=2}u^∗_j ; (m_3)^{1=2}u^∗_j ; : : :);

j = 1; 2, łőààěłâŋő őŕàěďěńěŋë łăł íńěňěŋâë ăńčěąàë B(˚_2). Ĺňěěň

ø (m^{(j)}) = ø (a_j b_j ) = ø (b_j a_j ) = ø (ff(m));

čďě ff { őŕěàăâőà áďćĺčă (1), ŕőíâőňã ø (m^{(j)}) = ø (m), âăł łăł m = ff(m) ŕő ňőďãÄ ńî I(˚_2). Śńěďőćăâěńìŋő, ø (m ⊕ m) = 2ø (m). Šăłĺň ęě őąàăğőň ňőęŋő ŕőłăğăâì, çâő ďńï ćáěå k m ⊕ m ⊕ · · · ⊕ m 2k àăğ

∈ B(˚_2) ĺ ø (m ⊕ m ⊕ · · · ⊕ m

2k àăğ

) = 2^kø (m): (6)

Ś ďàãčőľ áâőàőŋë, ńěčłő ćĺďěâì, çâő ‖ m ⊕ m ⊕ · · · ⊕ m 2k àăğ ‖ = ‖m‖;

13 Ňăâěňăâĺçěáłĺě ğăňěâłĺ, â. 68, ć. 3 áńěďőćăâěńìŋő, ø (m ⊕ m ⊕ · · · ⊕ m

2k àăğ

) ⩽ 1; (7)

ĺ ŕàőâĺćőàěçĺě ňěęďã (6) ĺ (7) ŕőłăğëćăěâ, çâő ø (m) = 0, çâő ğăćěàèăěâ ďőłăğăâěńìÄ áâćő.

Ŋăŕőňŋĺň, çâő C^∗-ăńčěąàă A ŋăğëćăěâáï áâăąĺńìŋőľ, ěáńĺ A ∼= A ⊗ M_∞.

Śńěďáâćĺě 1. Ěáńĺ ˚ ĺňěěâ ŕőńĺŋőňĺăńìŋëľ àőáâ (ĺńĺ ąőńěě ňěďńěŋŋëľ), C^∗-ăńčěąàă Q(˚) ŋě ïćńïěâáï áâăąĺńìŋőľ. Ěáńĺ ˚ ĺňěěâ íłáŕőŋěŋæĺăńìŋëľ àőáâ, C^∗-ăńčěąàă Q(˚) áâăąĺńìŋă.

Śńěďáâćĺě 2. Ŕãáâì ˚ ĺňěěâ ŕőńĺŋőňĺăńìŋëľ àőáâ. Ŕãáâì ø { áńěď, ŕőáâàőÄ ěŋŋëľ ć âěőàěňě 2, a ∈ Q(1) ⊗ M_∞ ⊂ Q(˚). Šőčďă ø (a) = 0.

Ŕãáâì ˚ ĺňěěâ ŕőńĺŋőňĺăńìŋëľ àőáâ. Řăááňőâàĺň C^∗-ŕőďăńčěąàã I_ø ⊂ Q(˚), ŕőàőęÄ ďěŋŋãî ćáěňĺ ŕőńőęĺâěńìŋëňĺ íńěňěŋâăňĺ a ∈ Q(˚), ďńï łőâőàëå ø (a) = 0. Ŕőáłőńìłã

ø (ba) = ø (a^{1=2}ba^{1=2}) ⩽ ‖b‖ø (a) = 0

ďńï ćáěå b ∈ Q(˚), âő I_ø { ĺďěăń ć Q(˚). Ĺğ ńěňňë 2 ĺ áńěďáâćĺï 2 áńěďãěâ, çâő K-čàãŕ-ŕë I_ø ĺ Q(˚) ĺğőňőàäŋë ĺ ćńőęěŋĺě I_ø ⊂ Q(˚) ĺŋďãæĺàãěâ ĺå ĺğőňőàäĺğň. Ğŋăçĺâ, C^∗-äăłâőàăńčěąàă Q(˚)=I_ø ïćńïěâáï K-áâïčĺćăěňőľ.

3. Ŋěŕàěàëćŋăï ćěàáĺï ăńčěąà Q(˚). Ŕãáâì C_b([0; ∞); B) (áőőâćěâáâćěŋŋő C_0([0; ∞); B)) { C^∗-ăńčěąàă ŋěŕàěàëćŋëå őčàăŋĺçěŋŋëå (áőőâćěâáâćěŋŋő áâàěňïéĺåÄ áï ł ŋãńî ć ąěáłőŋěçŋőáâĺ) äãŋłæĺľ ŋă ŕőńãŕàïňőľ, ŕàĺŋĺňăîéĺå ğŋăçěŋĺï ć C^∗-ăńčěąàě B. Ťăłâőàăńčěąàă Q_b(B) = C_b([0; ∞); B)=C_0([0; ∞); B) őąëçŋő ĺáŕőńìÄ ğãěâáï ŕàĺ őŕĺáăŋĺĺ ŋěŕàěàëćŋëå ăáĺňŕâőâĺçěáłňå čőňőňőàäĺğňőć. Őďŋăłő íâă ăńčěąàă ćěńĺłă, ĺ çăáâő ŕàĺåőďĺâáï ŕàĺąěčăâì ł àěŕăàăňěâàĺğăæĺĺ ďńï ŕőńãçěŋĺï áńăąő ĺğňěŋïîéĺåáï äãŋłæĺľ. Řăááňőâàĺň áŋăçăńă áńãçăľ B = M_∞. Ĺňěěâáï ěáâěáâćěŋŋőě ćńőęěŋĺě Q(∞) → Q_b(M_∞); (8)

ğăďăŋŋőě ěáâěáâćěŋŋëň ćłńîçěŋĺěň N ⊂ [0; ∞) ĺ ńĺŋěľŋőľ ĺŋâěàŕőńïæĺěľ ŕőáńěďőćăÄ âěńìŋőáâěľ łőňŕăłâŋëå őŕěàăâőàőć ďő M_∞-ğŋăçŋëå äãŋłæĺľ. İâő ćńőęěŋĺě, őçěćĺďŋő, ŋě áîàêěłâĺćŋő.

Ďńï äãŋłæĺĺ f(t) ∈ C_b([0; ∞); M_∞) ĺ ďńï őâàěğłă [a; b] ⊂ [0; ∞) ŕőńőęĺň

Var_{a;b} f = sup_t

1;t2∈[a;b]

‖f(t_2) − f(t_1)‖

ĺ àăááňőâàĺň ć C_b([0; ∞); M_∞) ŕőďňŋőęěáâćő äãŋłæĺľ á ğăâãåăîéěľ ćăàĺăæĺěľ

C^{vv}_b ([0; ∞); M_∞) = { f(t) ∈ C_b([0; ∞); M_∞) : lim_{t→∞} Var_{a+t;b+t} f = 0 } : İâő ŕőďňŋőęěáâćő ïćńïěâáï C^∗-ŕőďăńčěąàőľ, ĺ ŋě ğăćĺáĺâ őâ ćëąőàă őâàěğłă [a; b]. ŐąőÄ ğŋăçĺň çěàěğ Q^{vv}_b (M_∞) äăłâőàăńčěąàã C^{vv}_b ([0; ∞); M_∞)=C_0([0; ∞); M_∞).

Ńěňňă 3. C^∗-ăńčěąàë Q(∞) ĺ Q^{vv}_b (M_∞) ĺğőňőàäŋë.

384 Ć.Ň. ŇĂŊŞĽŃŐĆ

Ďőłăğăâěńìáâćő. Őąàăğ Q(∞) ŕàĺ ∗-čőňőňőàäĺğňě (8), őçěćĺďŋő, ńěęĺâ ć Q^{vv}_b (M_∞). Ďńï őŕàěďěńěŋĺï ∗-čőňőňőàäĺğňă ć őąàăâŋőň ŋăŕàăćńěŋĺĺ őâőąàăğĺň äãŋłæĺî f(t) ∈ C^{vv}_b ([0; ∞); M_∞), ŕàěďáâăćńïîéãî íńěňěŋâ ăńčěąàë Q^{vv}_b (M_∞), ć ŕőáńěďőćăâěńìŋőáâì {f(n)} ğŋăçěŋĺľ íâőľ äãŋłæĺĺ ć æěńëå âőçłăå. Ŋěŕőáàěďáâćěŋŋő ŕàőćěàïěâáï, çâő íâĺ ∗-čőňőňőàäĺğňë ćğăĺňŋő őąàăâŋë.

Ŕàěďńőęěŋĺě 4. C^∗-ăńčěąàë Q_b(M_∞) ĺ Q^{vv}_b (M_∞) áńăąő čőňőâőŕĺçěáłĺ íłćĺÄ ćăńěŋâŋë.

Ďőłăğăâěńìáâćő. Ńěčłő ćĺďěâì, çâő ďńï łăęďőčő ∗-čőňőňőàäĺğňă áěŕăàăąěńìŋőľ C^∗-ăńčěąàë A ć Q_b(M_∞) ňőęŋő ŋăľâĺ àěŕăàăňěâàĺğăæĺî s = s(t) âăł, çâő ŕőáńě ŕěàěÄ åőďă őâ t ł s őąàăğ A ńěęĺâ ć Q^{vv}_b (M_∞).

Ďńï őŕàěďěńěŋĺï ŋěŕàěàëćŋőľ ćěàáĺĺ ďńï őąéĺå ˚ ĺáŕőńìğãěâáï łőŋáâàãłæĺï âěńěÄ áłőŕőć. Ŕãáâì

T (˚) = { f(t) ∈ C_b([0; ∞); M_∞) : f(t) ∈ M_{˚(i)} ŕàĺ t ∈ [i; i + 1) } { âěńěáłőŕĺçěáłăï C^∗-ăńčěąàă. Ŕőńőęĺň

C_0([0; ∞); ˚) = { f(t) ∈ T (˚) : lim_{t→∞} ‖f(t)‖ = 0 } ; C^{vv}_b ([0; ∞); ˚) = { f(t) ∈ T (˚) : lim_{t→∞} Var_{t;t+1} f = 0 } : Ńěňňă 4. C^∗-ăńčěąàë Q(˚) ĺ C^{vv}_b ([0; ∞); ˚)=C_0([0; ∞); ˚) ĺğőňőàäŋë.

ŚŔĹŚŐŁ ŰĹŠĹŘŐĆĂŊŊŐĽ ŃĹŠĚŘĂŠŞŘŻ

[1] Connes A., Higson N. Deformations, morphismes asymptotiques et K-theorie bivariante // C. R. Acad. Sci. Paris S«er. I. 1990. V. 311. P. 101{106.

[2] Loring T. A. Almost multiplicative maps between C^∗-algebras // Operator Algebras and Quantum Field Theory: Internat. Press, 1997. P. 111{122.

[3] Mishchenko A. S., Noor Mohammad. Asymptotic representations of discrete groups \Lie Groups and Lie Algebras. Their Representations, Generalizations and Applications" // Mathematics and its Applications. V. 433. Dordrecht: Kluwer Acad. Publ., 1998. P. 299{312.

[4] Ňăŋãľńőć Ć. Ň., Ňĺéěŋłő Ă. Ś. Ăáĺňŕâőâĺçěáłĺě ĺ äàěďčőńìňőćë ŕàěďáâăćńěŋĺï ďĺáÄ łàěâŋëå čàãŕŕ // Ňăâěň. áą. 1998. Š. 189. ò10. Ś. 53{72.

[5] Pedersen G. K. C^∗-algebras and Their AutomorphismGroups. London{NewYork{San FranÄ cisco: Acad. Press, 1979.

Ňőáłőćáłĺľ čőáãďăàáâćěŋŋëľ ãŋĺćěàáĺâěâ ĺň. Ň.Ć. Ńőňőŋőáőćă E-mail: manuilov@mech.math.msu.su

Ŕőáâãŕĺńő 07.09.1999

13*